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0:00 Curran Kelleher

The following content is provided under a Creative Commons license.
Your support will help MIT Open Courseware continue to offer high—
quality educational resources for free. To make a donation or view
additional materials from hundreds of MIT courses, visit MIT Open
Courseware at ocw.mit.edu. So, my name's Curran Kelleher. I'll be

lecturing today about recursion and fractals. Justin Curry's not here today.

So, I'm going to fill in. So, today I'm going to just do a bunch of example

make pictures and some of them do. And when they make pictures,
they're fractals.

UTFABZETIREZIFRIMNRME . BRI FHIEE BN MIT FRGRIE4REE
RERESRENHERDR. UFBERIAEEFNE] MIT RENEZEH
£, 3Fih1E MIT FRORFEMIE ocw.mit.edu, FOU Curran Kelleher, &
KEFEFIFIBFFHH, Justin Curry SKATE, FRAFFMRIR. 4,
SKRBITEBER—HRGER, BEBEANTENER. BETEE,
B, MEENEBENR, EHFROMIEOR.

75 3E B R

Z/E MIT OpenCourseWare
£ (SRR, trER. B
SHMHR (A@sHE), E2
WEBREFS 22, B Curran
Kelleher RBR#HE Justin
Curry 1218,

fill in phr. v.
KIR; IGESTRES (Al in for sb.)

recursive /r1'k3:rsiv/ adj.
BIE; ANifOAKIE, R
WA BERESN
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0:40

Frac— fractals are things that are self—similar at different scales that you

then towards the end, hopefully, I'll show you a bunch of examples of
fractals and play some Bach music. So, first of all, let's consider a
recursive mathematical function, factorial. something factorial, like three

factorial is 3 * 2 * 1. Four factorial is 4 * 3 * 2 * 1. So, like and this is

factorial, the exclamation point.

PEEIMEABRE LBEBMUNERA, RAIUAMRAEZE. #ils
£ 4 RIRE 10 o8, AEBEEFNME, FEKRELMNE IR
B+, EEN—LEHMNER. Bk, BIIRE—TBRFNBFRL,
fra, LEANFE DRI TE, 3 HMFEME 3 x 2 x 1, 4 BIMFEME 4 x 3
x 2 x 1, XMEMFE, BH—TRENS,

02 PKisRS3ERARZ: YN

1:24
So, the way this is defined is actually recursive. So, if you take anything
factorial, say n, factorial is n minus 1 factorial. say Let's say n is four, and
then n minus 1 would be three. So, four factorial is Wait. n Yeah, times n.
So, it's going to be Well, n times n minus 1 factorial. So, four is n times
this whole thing is three factorial. It's n minus 1 factorial. So, this is a
recursive definition. And if you look in the handout, | wrote a little

computer program on page three, | think, that does the factorial. So, it
goes like this.

ENEXHEIZBAN, AUANRIFEER—THAIMSE, Ll n, n &Y
FASRFZ n Rk 1 BIRASE......EEWIR n 2 4, BB n R 1 F2 3. A4 19
MEE.....E—T, n.... X, T n, FAIZE n F.LA n R 1 BIBDY
ko FAA, 4 FIZ n, TX—BRHMZE 3 BNk, FZE n A 1 BRI,
FIAXB—TBAEN . WRIRBHNEE, BEFE=T1F T/
F, BICHEE=T, MEEMRTN. EE2XHFH,

=
i
=32
b

B RFHLAEIER - ASK THE BEST MINDS

o (fractal) HEX: EARE
RE BB, aJFTRBANS
), 1ZARIEH Mandelbrot F
1975 FliE., £, BASEH
ERRXEAIER GEB —HME4
Z—

self-similar / self simalor/ adj.
B (B35 2BERIRE
B), PRHIE X IHHFE

zoom in on phr. v.
MARME; RET

factorial /fek'to:rial/ n.

M3 (n! = nx(n-1)x...x1)

exclamation point phr.
RIS (ERXUE; ZXR
exclamation mark)

BATE n! = n x (n-1)! 2IBAENX
BISRESES: TR AR
BRREREE, X—BEEREF

EWMEHF.

handout /'haendast/ n.

(RERH) HX. &#
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2:40 def £ Python. Groovy $iE=
So, just some for you for those of you who don't know much about HE X RERI K, argument
programming, def means define. So, we're defining a function called ERIZER IR A RRES

\
factorial. And it takes as an argument n. So, you can call this function, &, mik T,

pass it a number. And inside the function, it's referred to as n. So, fact o
argument / a:rgjomont/ n.

this factorial function says if n is greater than 1, return n times factorial of (BT2) BH. T5; TERS
n minus 1. M&ig) X

NT BABLEARAKERZNEZE, def WERZE define, X, FRAFA]
FEEX—Y factorial BIRE, EES—1SE n, REAERXDT
B}, RRAE—THF. EREAE, ZXTEHFHI n, FALXT factorial
BREE: W18 n KT 1, #iR[El n 5elA factorial(n — 1),

3:19
Else, return 1.

AN, &E 1,

3:29 1B BR BN RO H E AR TELLE AR AR :
So, what makes this function recursive is the fact that it calls itself. REEEERBENERES.
Factorial is defined as n times factorial of something else. So, a recursive BRIBANSERN (n T n-

BHBITRIER
function is a function that calls itself. So, let me give an example. So, if n 1, BEBEAILEE.

is five, say, the way we call this is we say factorial of five. So, when we
when we say this, it calls this function and gives n the number five. So, it's
what it's going to do is n is going to be five. So, n is greater than 1, so we
return n times factorial of n minus 1.

X R AR, EREEABSIX—R. factorial #ENXHA n I
BB —"factorial, FRLA, BIARMZ AR E SRR, 1B, FHETH

F. g n & 5, BATEANARNMES factorialof five, FTLAZEATIX
HENRE, EMBRXTERE, FHIE 5 E%S n, BESHITAR? nFH
F 5, n KF 1, FRBAFATIRE] n 5EIA factorial(nif 1),

J5 3E B R MIRER - B 6 W
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4:18

So, say we're doing this algorithm, five is n. So, we're going to return five
times factorial of n minus 1. So, we call factorial with the value four. And
that's also greater than 1. So, we return four times factorial three. So, five
times four times factorial three. So, we loop we call itself a bunch of
times until we get down to 1.

FRIZEMNHTXTEE, n 2 5. BEAIMIERE 5 FlA factorial(n & 1).
W ER 4 X MEEIAA factorial, M 4 AT 1, FAAFEATRE 4 A
factorial(3), F2m2 5 Tl 4 kI factorial(3), FRIAFAIHMIXIETE
R, ETEHARES, BEEIER 1 M1k,

4:57
So, that's what actually ends up happening. This is recursion. So, another
simple example, which is sort of like the factorial, is the Fibonacci
numbers, Fibonacci sequence.

XMEERARERTE, XHMEEE. Z—TRUMFENEEEF, ME
LERABRLEN, ERFBRES, ME......

5:19
So, the Fibonacci numbers, it goes 11 and then the next one, you add the
first two together. So, it goes112.1+2is 3.2+ 3is 5. And so on. 8
Blah. These are the Fibonacci numbers. So, this is a recursive definition.
let's say this is

LB ZFAT: 1,1, RET—TMZERRA T IER. FRUE 1.
2, 1M2%7F3, 2 1Jl] 3 %TF 5, DALEH, 8, HFFEE, XEME
LRPBRE, R TBEAEX, B, HNRXTE......

75 3E B R
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ELARE2ENT: 1,1,2,3,5,8... BIN
ETRIRIZM, BRAFPEIH
. RS5O EI SERVIRLEHETE
ZIZHT, 5H—ER T8
ARPRERF ],
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5:53 ARHE L OR: ﬁﬁ%ﬁﬂi&@

These This is like the number of the element. Like, they're just numbers, fib(n-1) + fib(n-2) A2,

index indices, if you will. So, Fibonacci of two is Fibonacci of zero plus MAbRB AT IR B 2 5 F’E

Fibonacci of one. And so, Fibonacci five is going to be Fibonacci of three *E"f‘é’iﬂq’ EnLEFSAER
WEFMMN.

plus Fibonacci of four. So, generally, Fibonacci of n is going to be
Fibonacci of n minus 1 plus Fibonacci of n minus 2. So, we could say that indices / mdisiz/ n.
here. Instead of factorial, we call it Fibonacci. And we'll notice that like index (S =3[, TH
they're almost the same thing. I'll say fib. If n minus if n is greater than 1,
we return

if you will phr.
4t BIXARIE (EFEEER Ok
XE. . XPMEETRENERES. ME—E8F, R, ARMEEX BAIE)

NUE9IE, FRIA Fibonacci(2) %F Fibonacci(0) i Fibonacci(1), BB4
Fibonacci(5) Ft&F Fibonacci(3) fii Fibonacci(4), —R&Ei,
Fibonacci(n) #Z&F Fibonacci(n i 1) A Fibonacci(n i 2), FHATAIA
EXEX#EE, B factorial #5% Fibonacci, fRELXMENI1LFE—HN
RAG, EFEM ib, SR n ... W08 n KT 1, HANFHRE

6:44
Fibonacci of n minus 1.

Fibonacci(n J& 1),

7 JE P MIRER - B8 |
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03 BIIFEBMBEMIIET T

6:54

And this gives us the Fibonacci numbers, actually. so, it makes sense to
you guys? So, on the in the handout, there are some example outputs of
both of these, and you can see that's what happens. So, who has their
copy of Godel, Escher, Bach today? So, if we will look on page 132 of
Gobdel, Escher, Bach. Oh, no, no, | can't look at it. Oh, well. 132 of Godel,
Escher, Bach has these two diagrams that are recursive tran— transition

English, it's not complete. It's a simplified version of English, but it he
communicates the essence of the notion of a grammar, a recursive

grammar.

XSEPR ERisa i TERARRE. 1B, AKWEBTIB? AAX /XD
REFN—ERGEL, (RTURERMEXFNER. B, SKEF T
(FRAR. RER. Eff) ZAFH? HIKE (FER. RIR. B
%132 71, B, ~F, HEFT., BT . (FER. RER. EFf) 5 132
TTEMEE, RFEBNE. ENEXT —MEE, AREXRE I=
HIE, TR, BRIENEMMRAE, EMERE TIEE—B)EE
— X THSRITERE,

7:50

So, you'll notice that It's hard to do it in my head. Fancy noun, one of the
nodes calls fancy noun again. It loops back out on itself. So, this is where
the recursion is. So, what | did is | took this diagram and wrote a little
computer program that whenever there's a choice of the transitions, it
chooses one of those transitions at random. And this is the program |

wrote. | think it's on page five of my handout. So, if you look at that, Yeah,
| wish | had the projector. It's unfortunate.

=3

=

REEFRE, B ERFEERXTERM., fancy noun (EXEE), H
F—PMHAXEAT fancy noun BE. EXEFIBEE., XHME®IAF
. TEBEMNSEME, BRIEXBRZEIR, B7T—NM\ERFR. 858
ZNEBODIRIERN, ERMEINE—FEBEKR. 1B, XMERENE
F. BRETHXERTT, NREERD, B..... 08, ERERERY
%, KAtE7T.

Y

2!

7

75 3E B R
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BAEEBMLE (RTN) HE GEB
%5 &5 131-132 71: BEEE
EX—TENEIBEEL, Tar
HEARHMMEEZEES, MM
EREIRET,

transition networks phr.

#RME (RTN, BEEERR
BRI R TIER)

essence /'esans/ n.

AR, #&8E (communicate the
essence of {&iX.. HIFEEE)

notion /'nowfon/ n.

&, W (Lt idea EIET)

Ffancy nouny TRIAMBES,
RIBRBTENRE: RI1ARIE
AR B #RERIDREIE, B
FAIMERBETE, HEIEX
SKEIEME R 7 BEHLAE Y B FROFE
F.

at random phr.

ReEtlith, (=i

MIAKEIR - B O W
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8:32

Actually, can | look at the diagram? So, if you look at fancy noun, we
begin and it calls ordinate noun. And then if you look at the program in
the handout, you find fancy noun. It's sort of halfway down, it says the
RTN for fancy noun. Fancy noun equals And this is a function call. Well,
first of all, fancy noun equals When you put curly braces around
something, it makes it a function, pretty muéh-.-:_é,c_)_,-%_a_ﬁ_c-;/ noun equals and
it copies pretty much directly from the diagram. Ordinate noun, which is
also a function call, which is defined above, plus I'm still I'm back in fancy
noun.

12, FREEE—THMEEING? GIR{RE fancy noun, EfIMERFE, BiF
FA ordinate noun, AEMREHXENER, 1B, {Re1E fancy noun,
AMEEFER FE, 5%& Mfancy noun B RTN, fancy noun %
F..  XE—TMREGAA. 8%, fancy noun HF...... WIRERE N RIS
ELEEES, EXRLEMBETR T —1RE, FrlA fancy noun %
F..... 0B, EESNLREEMELY TR, ordinate noun, XtLE—7
REFAAR, ELEELKEXTT, k... 3&EE#H fancy noun,

9:29

So, ordinate noun plus pick from preposition or relative pronoun or

nothing. And if you look at the diagram in Gédel, Escher, Bach, the arrows
coming out of ordinate noun point to relative pronoun, nothing, the end,
and preposition. So, you can make this into a computer program, which is
which is what | did. So, if you look at my program for a little while, you'll
notice that all the arrows in the diagrams correspond to function calls in
the in the program. And they're recursive because they eventually loop

back on themselves.

FRIAE ordinate noun LM preposition (1713) . relative pronoun (3%
ZR1E) HE MHAEEE) BEIE—. IRIRE (FER. K2R,
Efif) EAIFABIEE, M ordinate noun HRAIETkIEM relative

pronoun, Mt4#EEI. &R, &F preposition, FILARAILIEES AL
—MtENRER, BHNOMEXHS. MRTRERNEERNER, e
AUMERMENET LI ERFENREER. Tf2FEX N RENE
. MEZ1E31, AAENREXKKEEIES.

75 3E B R
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curly braces phr.

wiES {} (REANIE)

ER: BFNEERETANNER
B—PREER. NEEEL 5
MEF. E4M EEN—ARE
RAERAHER—HREW,
& GEB RE&IFAMER,

preposition / prepa‘zifon/ n.

M8 (EEARIE)

relative pronoun phr.
* 738 (W which., that, 3|
SEENT)

loop back on themselves phr.
KOBES. @OEBE (ErEA
ZHNERRIA)

MIAEIE - B 10 I
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10:10

So, here Paul Stetson is trying to communicate the fact that languages
themselves are defined by recursive grammars. This is why we can nest
sentences inside of each other. It's recursive. So, recursion leads to
nesting and sometimes infinite nesting. And that's what That's where
fractals come from. So, right after this program in the handout, there's a
sample output. So, just read through some of those sample outputs.
They're pretty funny. | have an old version. Can | look at someone's

handout just to read? Just a handout.

FRIATEIXER, Paul Stetson ZB{&ARIZE: %Eﬂigf?}l‘:%ﬂﬂiiua%ifi)‘{
., BB ABRMAIRNEGFHRECDFER. XEB)38. S
IIEESHHRE, BRREEXRRE, ﬁJ‘ﬂ?ﬁ?)EEMLEEEE’\JO WX EBXNE
FREME—BRGEE. AKIEEPLERGEE. EEERRN, &K
FLERIBRAR, HEEE—THEHAHSGE—TE? FME—THX.

4 BAER: SRERE

10:54
So, small bagel inside the strange cow. it's sort of It makes sense as an

English sentence and it was generated by this computer program. So, |
think that's just fascinating. But of course, some of them don't make
sense like large small bagel that runs large small large horn. Like, it just
doesn't make any sense. So, next example. let's see. So, the next example
on page five, | think, is a tree. We're going to make a tree picture using

recursive functions. So, I'm going to

M ENSIEFENIVESH. TR, EVF%J—’P%%’@?E%%%E,

MERXMTENERFEMN. ERSXAZRNEAT. SR, BLERHK
RAET, tbal rE@EfJEE’]kE’Jd\E’]EE’E#j(E’J/J\E’Jj(E’J?%Jo MESTEWH
&, BBa, F=161F. IE, HEE. FATNENT—T6F, HERE
—RN. BANERBFIRNE—RENONE. Ba, HE, k...

11:41
I'm going to write some pseudo code. It's not real code. It's sort of pseudo

code to communicate the idea of what this program is doing.

BEE—EHAE, T2EENNRE, 200108, AkEX
tARBE,

R IEFTEM

75 3E B R

MPaul Stetsony RIAMIR, Ff
$69 GEB fE& Douglas
Hofstadter ({ZtiX)., BAIEE
MBI BREBE NI IBIME AR
BRIBICHIZ SR BIRA
ERRTIREF .

nest /nest/ v.
HRE (—BE—BHBAN); &
18 nesting IR E %

BEHIEEE MR NEREIN
BIEFRIE NEF, BEWER
TIRESEXAI U B—H
AMEERZAMNTmAEREE
X

bagel /'beigal/ n.
Bai CAHEEEER)

pseudo code /'su:dow kowd/ n.

A (RRABE. TEEERE
E1TRCED) 5 pseudo- fRAY

MIAAEE - B 11 ;L
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12:04

So, we have a function that grows a tree. It starts from a single branch.
And I'll do it at that one here. This is like the starting point. This is the
entry point. So, it says all right, class, all this stuff, tree parenthesis

parentheses. That gets called when the program starts. So, this function
call, grow tree, 0.50, trunk height, all this stuff is this first one. This is

what initiates the process. And then what the function does is pretty much
if the depth is greater than zero.

BIMAE—TRH, ARKE—RN, EMN—BRRFER. REXEE—
T. XMBEER, BAORKR. FAMER, 17, class, FIBEXLRMA,
tree treefFSHES ., BFEMNMEMSBRE. AKX MNREEA grow
tree. 0.50. trunkheight, FRIEXLLRF, MEE—R, XMEEHED
HRRNARTAE, ARXTRBMNEE, B, EXLMBURRIERTE,

...

13:16

So, this tree function calls itself twice, once for each branch. So, the first
time the program calls this function it makes this. It draws it on the
screen. So, notice here it adds the actual line. If you look at the code that
it says add new JV line X1 X2 that stuff. That actually adds a line to the
screen. | wish | could you know, show you the actual code running, but |
can't cuz So, this is the first time. And then depth is the number of times
it's going to branch out. And so, depth is 11. It's going to make a big tree.

X tree REIE, REABCSRMR, BROARA—R. FIREFRE—R
BEARX T RN, BHNEXT. EiREEERE L. T8, B, XEE
PNE T SEFRRI% S, MRIREIBERAIE, BF add new JV line X1 X2 Z
£, BXrEMEBERBLIN—5K%. RS LN, EHEREELRN
BRRBIRNETIEF, BERMAR, BA..... AAXEE—R. AE
depth FEZEEDRXAIREL, depth 2 11, IS —IRERAHIN,

75 3E B R

ERTEFRIEN: MT
(trunk) X—AORFTIA, HE
BRERBSMREREAD
%, depth SEUZHIEIDRE .

entry point phr.
AOR (BFRFHRRTAME)

trunk /tragk/ n.

T

MIAREIE - B 12 W
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14:09

What it's going to do is make two sub branches. Says grow tree This one
corre— correlates to this one here. And this one corresponds to this one
here. And if you look at the code in the handout, it says grow tree X2 Y2.
X2 Y2 is the end point of the previous branch. Root length times size
factor. is a factor by which it's going to scale them. So, this would be like

maybe half the size or 0.7 of size factor is 0.58, so it's about half the size.

And root angle plus angle factor, root angle minus angle factor. These are
in the two grow tree function calls.

1R, EEHNEREMIRFIR. SHZ grow tree...... X— T NIXEX
— R, X—THMNXEX—1R, B, NRFEHXENHLE, SHWE grow
tree X2 Y2, X2 Y2 @RI—IRIEAVZ =, root length 3kl size

factor, XEZEMAILEBIAF, FRLAXIRABE—F/IAR), ;HE 0.7......
size factor & 0.58, FTMEARZE—F K/, BF root angle il angle
factor. root angle J& angle factor, XLEEAF T grow tree EREEF
8,

15:02
Angle factor, which is point well, pi over four. It's exactly 45°. So, each
time it branches, the two branches are going to branch out at that angle.

And so, here say we do depth of four when you call it the first time. The
depth here is going to be four. And then you pass into the function depth
minus one. So, here inside the function that's generating this, depth is
going to be three. And so, it's going to keep going down until depth is
zero. So, here depth is well, depth is four.

angle factor £ O....... 1B, 2 R 4, [E5F2 45 B, FiABRD %0
B, BMRRMSEITAELZT. BATEXE, RgHMNE—IRER
fORTR depth 2 4. XEM depth #2E 4. ABREHEEMZ depth
1. FRAEARX MIREIAES, depth BT 3, E2—HETE, H
Z| depth FFF, FILAXE depth 2......18, depth =& 4,

15:45
Three. Two. One. And it does it on this side, too.

3. 2, 1. Z—IthE—*H,

75 3E B R

BREFREKERMNEREAF 0.58
—XIEE BRGUERER:
N FERE R RBIIZLEBI4E)\E
B,

scale /skeil/ v.

REEBIFERG n. RE

PIRABETERN /4 (45°), depth
BEF 1. & 0 =1k, depth )3
TEMSYAN TEEERZ) (base
case), 53X bottom out AIIT
IR,

branch out phr. v.

DX, BIF; S|BX AR
0]

MEAKEIE - F 13 I
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05 FfffnsS FTrRAEK1F1E

16:04

So, it just keeps going like this. This is This is a fractal. And you could
imagine if you were to continue this infinitely like instead of saying depth
of 10 or 11, just say depth of infinity. Say theoretically, if we could do this
shape could be zoomed in on infinitely, forever. And this is the notion of a
fractal. And it would look the same as it does on the on the large scale.
So, any questions about the tree? So, next we're going to do a the Koch
curve. Koch curve is sort of similar to the tree except that the rules are
different.

FINEMXF—E#IT FE. XME—1T2H. (RAER, WRIRFTR
AT R, AYORE 10 31 11, MEWRELH K. RRBIEL, WR
BATREME], X TARPT AR TTBRUBIIAR, KIZMA T E. ZME DY
B BAREEBERZMAREL—&—#&., B4, TR ER
HARENS? & TRBNZMNE RS . RfHRENRNEREMN, R
AIHNA—#%,

16:50

So, first con- conceptually, this is what a Koch curve is. You start with a
line or in some cases a triangle to make the whole thing. And you divide it
into three parts. And then you make an equilateral triangle. | mean, the

sides are all the same. Out of the thing in the middle. And get rid of this
line. So, this is the rule. Go from a line to this thing. And then this rule is
applied to each one of these segments. So, you go like this. And so on.

Like to each of these smaller segments. So, the fact that like the simple
rule is being applied to something over and over again.

BAMEZ L, RIS XEN, (RM—FEERITR, BIREMN—
T=AEE, RMRETER., RARMREESB=R., EEFRE—1F
W=, ZI2R, SLREHEG, UPREFR—ENEMMLR, RS
EXFEEE. FIOIMENN: M—FRERTHXNERA. AEXTH
NN BRI ELERPNE—RE, MMRSEEIRE, DAL, 3
B—ERE/NNEERBXEM, AN, ERENXESEAMNE—EX—
BN AR E N RAL,

75 3E B R

& depth ALH K, WAITRIK
REBHMESRFEE—XZESD
IR EN .. LinfEFREER
PRI&F, X1 ML vs ML) AY
KN ERFAMH.

ek IR EEIF R Helge
von Koch F 1904 FEigH: B4
B=%7, MPEANREEIMESE
D=mHERRL, BNS—
INEREE S LB,

equilateral / i:kwa'letoral/ adj.
F1089 (equilateral triangle &

B=/)

segments /'segmonts/ n.

%EL Ex. BB (segment)
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17:35 BANERZIE: MUERTF L
And the thing it's being applied to is the result of the previous execution —RANRITHER ., X5ME
of the rule makes it recursive. So, you could keep drawing it. Let's look at ! A (n-1)! REX ) 4 E
the actual code, the program. It says Koch. | think it's on page seven. So, ff@ ARTRMECFRA

let's see let's see, create curve.

execution / eksa'kju:fon/ n.

TERRAINRE F— R TINER, SAHRET GBI, FiX e ) S
RAN—BEE 5, RIEEEIFORE, XM, 1B, LESE

Koch, BAREEtW., #FH(IESE, create curve (BIFERIZ) .,

18:12 create curve HRAB B, N
What create curve does essentially is call itself four times. N4 I & 4R ER
UERENZEI: SN ﬁ&l%?@*ﬁﬂxumﬁ’]
create curve AR HHINE, HEHATESIA. ﬁﬂﬂ&ﬁﬁW“%@ﬁ%
18:26

And each of those four times corresponds to this one, this one, this one,
and this one.

MIXR DA ROX—ER . X—E. X—&, TBX—E,

18:39
So, yeah, let's look at the actual code. You see these four function calls to
create curve in the middle there? X1 Y1, AX, AY, CX, CY, BY and all this
stuff. If you look at the little red diagram this point is X1 Y1. And you know,
it's in the diagram what the points are. So, the first function call pretty
much says apply the rule to this segment. The second function call starts
from A, which is this point here. Which says apply the rule to this
segment. The third one starts at C, which is the top point.

1R, #F, HAVREEXFRRE, RIBZIFRBEFBLY IS create curve B
REGAR TIZ? X1Y1, AX, AY. CX. CY. BY FHEXLLKRFA, 9[]%1 E
BT RER, XTEME X1 Y1, RAERE, BEERLETIX

=y \%Umﬁ'/z_\ ﬁﬁLX% TR ﬁ&zﬂﬁﬁ%ﬁﬂ::ﬁumﬁ RN ARNX— Ex
F. BTPRBUARAM A 8, EMERXERX TR, ERZEMMNNAR
X— EQJ:O E=TM C 714, mﬁ‘JEETﬁ,mo

J5 3E B R MITFEE - B 15 W



7 3E bi R B & IFRIKANIZE - ASK THE BEST MINDS

19:25

And says apply the rule to this segment. And the fourth one applies rule to
this. So, it's another beautiful recursive fractal. So, what happens So, this
is the Koch curve. If you generalize this and add a randomness to it say
you know, say these poin_t-s"é_r_é_;é-\-;/_ou know, it doesn't matter what they're
called. If you move this one up and down a little bit randomly. So, like you
start from this, instead of making these points exact, make them like a

little bit off. And then connect the lines and make a line a triangle there.

ERZREMNNARIRX—KE, FEMERNNAZIR—KE, FRINX

B TERNERADE. BARKEMH A, 1B, XMERHTHE,
RIMEEHT —T, MA—LRENMY, HMRXERRE A, RAE, Wit
LBRFAAEE, WRMEXT RN E B —RR. MEiR, RN
XNFE, AEEXERIUEIRARE, LLtElHRE—<. REEZ
EER, EREME—RE%. — 1=/,

20:10
And this is also, you know, a little bit off. And then if you keep doing this,
adding a little bit of randomization each time, you actually get lines that

generalize this into three dimensions and do this randomness, it actually
generates 3D mountains, like 3D virtual 3D surfaces that look exactly like
real mountains. So, it's sort of strange like these recursive structures are
definitely in nature. What does it mean for this one page on page six? The
Koch snowflake has finite area but infinite Oh, yeah. Yeah, | forgot to
mention that. That's a really cool thing. So, the Koch snowflake is when
you start with a triangle and you apply the rule to each sides of the
triangle.

ETEHEBRE—R. RRURM—EXFEHTE, SREIMA—RBEN
ft, {REFR ERFRIERERMEMhNEBFENER. MRIMEX T
[TEI=#AINXFREALE, ELhR EREER =R, ME=4MNE
M=tRE, FERREINL—E—1F, INRERFY, XERBIFE
WBEEFETERRR, BEANLX-TTRNEFTAER? MFSENE
ARAMREY, ERARKELRI—ME, X, &, HETRXT, XETIF
BENSIE. SAMSEMEMMN—T=81E, ERNNREI =AY
B—FLE,

75 3E B R

generalize /'dzenrolaiz/ v.
. —MRE (BT RA—
AL

randomness /'reendomnas/ n.

eI

SR NBENIA BN AT
FEEBRE; W R=HATLE
BREILLME, BRI R ATE
AR E R ERETIXED
8i&.

coastlines /'kowstlamz/ n.

BE% (coastline)

randomization / reendomi

‘zetfon/ n.

BEALE (ARSI ABENHE)

MEAKEIR - 5 16 ;T
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21:04

And you get you get the you get this curve on all these sides. So, it's been
mathematically proven or you know, extrapolated that if you if you were to

all theoretical, the volume inside of this object would be finite. It's a
definite amount. But the surface area is infinite. Oh, not surface area. The
perimeter. Perimeter is infinite. That's because every time you apply the

rule, you actually increase the perimeter.

REMMEMEXLEYD LHSEXi, MNBFELELIURT, FHER
HSHRT, WRIFEZTAVHITIERZ R —EHFERAI N4
i, BRI LHN—E, ITEEAMIERRZEERN. ER—
TMRENE. EXERZLRN, B, TE2RER, 2EAK. ARKELR
8, RRERASXIRRMAZ TN, SEhr & ENEK,

21:40

So, this has a certain length. And then once you apply the rule to it, if you
do this, then this new curve, the total length is longer than this one. So,
you can imagine if you do it infinitely, like it's just going to be infinitely
long. So, it's sort of mind-boggling. And this goes, you know, it's a If you

smaller. Yeah, it gets smaller and smaller, definitely. But if you do it
theoretically an infinite number of times, like it'll still exist. If you look at
the picture, on page six, right next to the title, the Koch snowflake, that
curve there, you see it?

FRARNEE —ENKE. RAE—BEMRNENAMN, WRMIFE,
LRFAH LN S REMLERIOXFER, PAAMRAIUESR, MRIRTHR
T E, EMSTELMRK, AMANXEILAZERN, MEXD, RA
B, WRIMEE—ERERE, ESEFHNE), 28, ERIER
Sk, BNREL LRMIRZIR, EMATEFE. WRIRERK
E, 1B, BAWLE, MEREEE, SMEE, BERPFML, RERT
n5?

=
i
=32
b

B RFHLAEIER - ASK THE BEST MINDS

MBS OMFIe: EIRER
(BE— T EEME) MEKTR
BREREARKENFEEN
4/3 &, ZRRREE.

extrapolated /ik 'streepolertid/ v.

M. 3R (extrapolate: H
EANESEHE L R A)

perimeter /pa'rmmitor/ n.

B (Et%ER) SMNE

finite /'famart/ adj.

AR (kX33 infinite TR
)

BRI A B STl S
N, BRANBARE—S5 BN
TERBEVNRERAR: T
55 S TSR N E NSRBI A
BLHE K.

mind-boggling /'maimd ba:glm/
adj.
LAMEER . B

iterations / 1ta'rerfonz/ n.

ER (RER) ; iteration —/RE

ST
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22:34 QRS

That's sort of what it would look like even if you did it an infinite number
of times. So, if | could have like break it maybe like cut it in half and then
like spread it, it go on infinitely. Say again? If | could like maybe have like
a kind of like a snowflake like that. And | like cut like it in half like | just
cut it like So, like you just cut it in half? Yeah, not in half but just cut like
one part of it. | don't want like the segments to go from like one part to
the other but just cut it like you would like cut like a string in a circle.

MBMREELRZIX, RBEMEXTHEF. AN, AR, HANEE
HITLEAIM A EIBIHT, AFEERTT, EMBERREHE TR, Bii—iE?
WRBE—TRLUBBENERER, REHIECMREEFBRMX AT —
T—FfI), RERMIEEMFEBEE? X, FEEFE, MEEHEERN
R85, BAZRILIBLLEMN—DERZ -8, MEMXAE—T,
TG IR B T —ARE AL B B A28 73R4

23:10
| don't really understand. You can draw it on the board if you want. On the
board?

BAKER. (REERTUNEIRR EELFK, BIRRLE?

23:21 SAR THMEFRIE) BT
I have like a circle. I just cut like this part over here and then if | even if BRAEMNE: £ TRKETR) &
FER AR ES—XIREI AL
BIRERN 871 BHUER
BIBRA

this is like finite area, you're saying that if | cut it like that and spread it, it
can go on infinitely but that doesn't make | see. So, it's like having a finite
area. | see what you mean. So, say you have this Koch curve, this shape,
and it were a string and you would cut it so the string would now be
loose. And if you pulled it, it would go on forever. Yeah. It would. Yeah.
That's what it means to have infinite perimeter, which is why it's just so
fascinating.

tEaHEE— T E. BMEXIMIER T, AE, MEXTHRAENERZE
BIRAY, REBRMRBSIEHEAFE AT, ERUERERTE, B
XA E—E, HET. AUAMERENEREERN, HABRNE
BT . RIMBERXZFNH#HLZ, XTER, ROEE—REF, REEH
W, BFMANFTT . REIR—H, EMZTRBTERTE. . BL=.
X, XMZEAKTRNE X, AT XAILATE,

J5 3E B R MITFEE - B 18 |
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06 REBFZHINEMEE

24:06 Curran Kelleher

Like it's crazy. People tried to measure the coast of Britain. How long is
the coast of Britain, right? Have you heard about this problem? If you look
at it on a larger on a large scale, like from a satellite image of the whole

country, you could just draw a line around it and say like, "Oh, yeah, it's
this length. This is the how the length of the coast of Britain." But if you
zoom in on it, you'll find that those big lines that you drew are actually like
really wrong. Like they don't actually line up. So, if you make it more
precise to this new zooming angle, this zooming, it gets longer.

BEANTEINT ., BALBENERENEFS%. RENESFEIKEES
K? (RMIFRE XN EEEB? MRIMBRANRELE, LLOMBTER
NIEERGLE, MAMNEEEE—F4%, ARER: W, MEXAK, X
MEREBRLNKE, BURMRMANRE, MIRKIIRERIBLEAREF
HLEETHE, RAXNA L, M, MRFRBRABHXTRERES
B, REMIER,

And so actually the more that you zoom in on the coast of Britain, the
longer the perimeter gets. And those should be getting smaller cuz you're
like just adding little pieces. Yeah, just adding little pieces. So, say the
actual coast of Britain is like that. And but you look at it like at this huge
distance away, you say like, "Oh, yeah, this is approximately that line." But
if you look at it more detail and refine it, you say, "Oh, it's not actually

that line. It's maybe like these lines."

FRASERR £, RIEREBFRLNAGHEEE, BRMK, AIXEREN
G, RRRRIZEN—ENER. 20, RE2mn—2)eE
F. FRBA, RISRERRLIIMOXE, BIRMNRZNESE, (RR1R:
‘W, EFSMERXRL., UMESEMAR. ERH—L, FRMIHR:
‘B, EXAEMWHRL, FRERX/LERL,”

75 3E B R

TREBRE&EZK) HE
Mandelbrot 1967 & & F
Science WERIEX, BIAND
Va2 2SR
TFHRAMRMRE.

satellite image phr.
IEEEK

refine /r1'famn/ v.

fEEAEHA. M. Bt
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25:10 &Hit: BEALAER—N TK
But the new lines are actually the whole thing is longer. And if you do it B, RERENERENEIE,
even more and more precisely, you just get longer and longer and longer. BRESEHRELAR. THEL,
So, nobody's been able to really figure out how long the coast of Britain DRSS E RN ERN
is. It's a fractal. Yeah, but shouldn't you do like Is it even possible like in HMEIAR.
this world like have like something that's infinitely precise? Like we would
need a fraction. Well, not really. Cuz | mean, it's the So, he asks like, is it
possible in this world to have something that's really infinite like that?

BXLEFAILINERBARMER, MURFHGSHREEH, EMa

i<, BEHEAR, A, MEZBEARLERBGERENESFREZIIRES

K., X2 9oF. 2, BEHERZ.... EXTUEHERE, BNER

BEFEIRABIBA R AND? BAABMHZE -T2, 1B, HLAKA8E,

ERFEENR, XT—EE, X MR AR gEFERMELETR

HIZREI5?
25:44 XEEE: TRAKREETH
No, it's not. Cuz | mean, there's only finite space on the earth. Yeah, but FIERHA,; MEBEHARABREFR
even within that, | mean, you just say that even if it has finite area or EHTR, BRAMAR R0

Dz, KDBICHESIELE

maybe volume, it can still have like infinite perimeter. Yeah, so the Koch
EAEBNERES,

curve theoretically, you know, in math language, if you do it
mathematically, it has infinite perimeter but finite area. But keep in mind
this is a theoretical creation. It's just in the world of math. And it can't
really exist in the universe. But things come pretty close to it in nature.

e, ~AJge. EAMIk EN=EZERN. X, EREEXTTEEAN, &
=4, REINNR T, BMEENER. RERRERMRE, ENARTNET
FREVER, 289, FRAREZ AR L, REEIESHKR, WRIRM
#Z LXMW, EAEXLRHNBEKEARNER. EEILE, X2—MEIEL
BME., ERFAETHZNMHAE, EEFHEPHAERLEFE. EBR
REFLERAESKIIE.
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07 EMmENESHRERE=AK

26:21 BRERE = AR Z SR
It's not actually infinite. The coastline of Britain is not actually infinite. But Wactaw Sierpinski F 1915 %12

e THiE=AfhizEHhan
R=fhz, BT=17818E0E\
=&,

it's it really resembles this sort of shape. So, let's see. Yeah. So, any
questions about the Koch curve? It's really interesting. So, the next
example is the Sierpinski triangle, page eight. So, the Sierpinski triangle is
very interesting. Well, You take a big triangle and you add a smaller
triangle inside of it like this. So, this is the rule for the Sierpinski triangle.
And you know, this is let's call it that or something.

EATEENTR, RENBSFELANTEENLRK, BERLIFFEX
MZIR. B4, BINKEE. IF. KRTRFHSZERTABBE? ERNR
BERE., BBAT—AIFREREHRE=A, B/\I. §REHE=H

FAFEEER. 1B, MER—TA=AF, REEEEMN LM/
=k, SMEWRERE=ATNAN, RE, 18, BAIFEX T
X ZRAYNE,

27:22

So, this is the rule and what you get is three new triangles. And then you
apply the same rule to these new triangles. So, that's recursion. When you
apply a rule to something that you already applied the rule to, so you
apply it again and you get these even smaller things, these smaller
triangles, and it goes down infinitely if you do it infinitely. So, imagine this.
This So, this is one way of computing it, one way of doing it, one way of
looking at the rule. But what | did in the If you look at the lecture notes, |
talk about iterated function system.

AN, MRFENE=THN=AF. REIRXLEHRN =AM
RE=ARN, XMEEF—RN—TELNATEZMNERAEFIX
RRXEMN, FRIRBRR, MFETXEENNRA, XEENR
=/, MRIRLRMTE, EMSTRD TE, AANEBR—T, X5
ETEEN—MAN, MEEN—MH, EREXFANN—FAR. £
WOE, FE..... MRFE-—THXEIRL, BEEEHTERRBREA,

J5 3E B R MIRREE - B 21|
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28:08 DRI (chaos game) : M

So, that means Well, I'll just do it and you'll see what it means. So, let's FEEREk, BLBILE—

say we start with a point. say this point here. It could be any point. And MRHARER—FER,

we have three possible choices. This is called the chaos game. We have if%ﬁmmﬁ’ AREE AR
995 F

three possible choices of something to do with this point. We either bring
it halfway to this point, halfway to this point, or halfway to this point. So,
let's say we bring it halfway to this point. We go right here, right in the
middle. And what we do in the iterated function system, we do this over
and over and over again, picking randomly which one of the three points
we go halfway towards.

A, BRERZEIE...... iFIE, ﬁﬁiﬁﬁﬁ BIR E}LHHEIT BRIgBATM—T
RIFE. UE, EEWXERXITR. _JLXzEEE Ro B, REEMNB=
ME]RERVIERR . XD IUEUEERE . X R, ?ﬂzﬂ]’ﬁ ME] BERYIRFIE
#, BNEALERIEETX T RN—FL, BEXTRE—FL, 5E
BEXTRN—F4., B, RSBMNEEBIBEETZTRN—FL. &K
MMERXE, EfE, MEENREAZERNZMWH, MIEXT
B—EX—EHEE, BIREX=1"RPNI—MEAREMNEE—F
FERYE R,

28:48

So, let's say we go to this one next. We go here, halfway. Then we go
halfway to this one. Halfway to this one again. Halfway to this one again.
And then halfway to this one. then halfway to this one. Halfway to this
one. You know, and halfway to this one, halfway to this one, halfway to
this one. So, we just plot these points. And the program that | wrote,
which is in the handout, does this. It executes this. It just keeps going. It
keeps plotting the points. And eventually what you get is the Sierpinski
triangle.

B4, RFRIIETREQDX TR, BINERXE, —34, RAEENE
X RE—F4E, ﬁu;rﬂjL RE—34, B—RE@DXTRI—F
&, REE@MXTRN—FL, B, AREE[XT ,.\\E’] F4b, u;l"ﬂ] P
RE—34, REEN, BEQXTRN—FL, XTRN—34E, P
RE—34, ARBMNMEXLRELR., B, ZENIBTRER, #MEH
XE, HMEXHE. ERTHMEXTERE, EM—EMTE. EXR
EhEHXE R, REREINME2 W RERE=/AA (Sierpinski
triangle) .
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29:26 QLR eE) AFRRERTNELZ— T2
It's crazy. So, page eight is the picture of this is on page eight, right? REHATII IR AT 2 TR ERIE

2. FTIEHENFEIIAMEAZL, <
TRWSEIE— TR | F—A4
REHE=AT.

Yeah. So, when you do it randomly, it doesn't matter which one you
choose. No matter what you choose, whenever you do it, it's always going
to look the same. So, So, if | like started the program again, but now this

time it since it's random, it's going to be like Yeah. Exactly. So, he's getting at phr. v.
getting at So, you run the program again, it's going to choose differently. (be getting at) 28RS, &
Maybe it'll choose instead of going to this one first, it'll go to this one i

first. Say it does it 10 times or 100 times to this one.

AAREBINT . FIUE/N\TTRXTHE, BEF/\TT, MIE? 3. FRA,
SIRRENMEX A ER, (REB—TETmE, AEMREARE, NEMRMT
LR, SEREBERSE—HN. AN, AMORKLMRERZEX
MER, BXXARNEWBNN, EMSGRE..... . &, FIthED
HNE..... MEMETXMMER, ERMETRENGERE., BIFEARLED

30:08 Curran Kelleher

But it the program chooses randomly which one to go to. Going to go to
this one and it just chooses randomly. So, he asked, even though it's
random, will it still generate the same picture? And the answer is yes, it
will. it's crazy. It's just fascinating. And we'll understand this better after
we do the next example, which is making a fern, a fractal fern. Which is
really cool. So, let's just look at the code quickly. and think about this, is
the code for the Sierpinski triangle recursive?

e, EREFEMIEEEDM—T0, BEEOXTR, EMEMHALIELN,
FRAthie), BMEERRNN, EXRZEMERNERIG? ERE: &

8, =8, B, XIET. BHEEEIRA. FBAIEE F—1M0F2/E,

MIZEFHEREX—s— T =Tl FRE—RKR, —RDoTR. BT
BENRES. BENRRE—TRB, B, REE—8, ERREHE=A
R Ex I 2 2389052
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30:47

So, what it does is see def draw Sierpinski, that's the thing that draws the
triangle. A def A, B, and C are these three points. So, this is like A, B, and
C. Def points equals a list of A, B, and C. Current point is just a you know,
say start at point A. While this statement while true means execute this
code repeatedly. Just keep doing it an infinite number of times until you
stop the program. So, it says def next point equals pick from points. And
pick from is a function defined above, which pretty much picks at random
out of the list that you give it.

TS IERIXMEN, & def draw Sierpinski, X Z2E = AN R
74, def BER A, B, C FIZX=1TR. FINX#HEZST A, BH C, def
points FF—TH A, B. C A%, current point FlE—7......4~R
1828, EARMER A FFHiE. while XMEE), while true EREREEWNAT
XEAIE, M—EMTE, MERZR, BREMIEEREE, FIMESSE
def next point ZF pick from points, T pick from 2_LEENXHN—
R, EERLMEMREGENTIREBIE—TLE,

31:39
So, that pick from is the thing that picks randomly which one of these to
go to. So, it says okay, next point pick from points. So, that gives you the
point. And then current point X equals current point X plus next point X
divided by two. So, what you're doing is averaging the X coordinates of

the current point and the point that you're going to go to next. And if you
do that for X and Y, what you do is go that's going halfway between the
current point and the next point. That's what that does. Then image.fill
pixel that point. So, that's what plots it on the screen.

FrABB pick from Fl2BENAEZE @ IXL TR — T IZRE. AT
B, #F, next point FF pick from points, XEREEEIT BB TR
RIS current point B9 X & F current point Y X f0_L next point £ X B
FRIA 2, FRBAMRMAIS BRI SRR fRIE TREE @MV SA X 4
WEVCEE, WRIER X F Y #X AW, RATMAMEEE Ha s T—
TRIERE, BIRBMAMEXT,. ARG image.fill pixel BB M=, AT
MBS EER RS LRER D .

75 3E B R

SEEMRBEMN: while true TR
fEER + FEANRTIS + ALARENTE

15, EEEERHEREE—
AEX TRBAEE, Wb
31 RIHEIEE TRE.

averaging /'@voridzim/ v.

BUF91E (average fEmhid)

coordinates /kow 'o:rdonats/ n.

£
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32:16 HETELLE S HAIZ O )RR :

And the picture here is actually was actually generated by this very FEEEBNABETRERT?

program. So, it just keeps going, keeps plotting it. So, here's the question, EXRBEIREATZE (B

is this recursive? Is this thing actually recursive? Cuz we said a recursive ;;_jfiﬁ) 7, XERRN
FIX1T o

function is a function that calls itself. let's hold off on that answer until

after we do the next one. Any questions so far? So, the next thing we're ol T G e
going to do is the fern. Yeah. So, recursion is generally recursion is SE SR (M)
something which is defined in terms of itself.

MmEXEXIEE LR EMERX T EFEMR. B, AINEM—EET,
—HBE, PAEFEKT, XEBPNE? XTRAZIRERZIEITR?
RNEANRY, BARBE—TERBESNRE, B, ZTERKNTH—
B, FMWET—TFFHER. ZIERNLEEHARBIL? BAR(ETH
BHOMENRER. BiF. P, BE—AKRZERE B SHKEXIR
7,

32:59 e

Something that loops back on itself.

—M@E 8 SHER.
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CHCEN 4 5E (3E)
Again? If you apply which one? The recursive rule? It'll become the same
thing that it started with? no, not necessarily because each time it applies

the rule, there's a slight change. With this factorial, it's not just saying n
factorial equals n factorial, it's saying n factorial equals n minus 1
factorial. The factorial part is recursive, but it doesn't loop back on itself
exactly. There's some change. And with recursive functions at least, so,
the function is defined, it calls itself. Maybe this | don't know if this really
answers your question, but say if we didn't have these parts, if the
function just was this, if def Fibonacci return Fibonacci of n minus 1 n
minus 2, what would happen is it would call itself and just keep going
infinitely.

Bii—iE? MRIRNAE—1? B @EPEAAN? EcTHRAEFinit—iF
MZRANE? 1B, N, A&, ERNESRNAMNE, #MaB—s/Ivh
T, AXTEAE, EHARIR n BMESET n BOKE, maiEn 9
MraeET nE 1 ISR, MIRILERD =BV, (BEHAERFT A ahitsE
BEC. FESEZNN., EVINBERECKR, 1B, MR, RHEX
¥2E, ESAABS., iFXD...  BAEXEREENEE TIRE
&, TEREBNIFAEX/ED, RRXTREMIAGX—a, WUR
defFibonacci 1R[E] Fibonacci(n-1) #i Fibonacci(n-2), IPERMEBESR
TEMERES, —BEXR#T .

34:M
Which is a problem, so all recursive functions in order to do anything have
to bottom out at some point. They have to stop, and that's what this is.

Only do this if x if n is greater than 1. If n is less than or equal to 1, return.
So, this stops it. So, | mean d- does that answer your question? | don't
know. You can ask it again if you want.

XEARR T, FRUAFRAEEHARHMEZEREEMRAA, BOIAERETRE
K. EMNQIUETR, MBMEXEBOER. RBH x.....5n KT
17X AWM. SR n /NFEFT 1, BRE, AN, XFMILEFETET.
AT, B, XBRAEEFMOEE? BBAHE. WRIRENIE, 7
MAEE—IX,

34:42
It is. Yeah. Yeah.

=
EE,\JO l]/o l]lo
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EEEF BETEREEER.

BRERHAEENL (n T n-

1), BEXTEHZEBES (n! =
n!), FELT RIERHEIR, ik
BRHER,

not necessarily phr.

A—E. xibr (BDEE)

BANIELR LM (bottom

out), BMFREEA. #id

H. XREH2RNELNE TE
Bl BEE——R,

bottom out phr. v.

fees (&B)3) FHALIERMM
=1k
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34:51 BARNBIFARESMIE: MRk
It only functions, computer functions that are that are recursive need to EoEEREN T, HEHEN
bottom out. There are other kinds of recursion. well, they do. Like natural WRIAEIRRINBESHE
: . Melboi) —IBRFNELE
recursions don't bottom out. Well, they do have to bottom out eventually.
SMHELEREMERE.

Like take for example a tree in nature. It branches and branches and
branches, but eventually it just gets to a leaf. And it stops branching.
There's some sort of program that's executing inside this tree that's
recursive. And there's a certain signal that this program gets when the
branch gets to a certain size, | think or something, that signals it to
generate a leaf. So, | mean those kind of recursive processes do bottom
out.

ERZE.....RE, TENERLZFNRAFEZME, EHHIMMENE
3. g, EXENBIEN. tt&ﬂE%ﬁEF'E’]ﬁEE‘M:AMFO HIEfl&
KMEME. LCAMEEARREN— ﬁmﬁ% ETDX. 7R, &
X, BRZEEKE—FNF. REMAED OLRWW%ﬁEWE
AT, MERSEF8. ﬁﬁfi%56@$§tt§U§i’\F€<TE@EUﬂ%, X1z
FRBRREMES, BERAREXE, XMESILEARE—RAHF. A
X, #HEu, MXiEIIZHTE SRR,

But this one is actually recursive. We'll see why in a minute, but it doesn't
bottom out because it just keeps going forever.

BX—1THZ

223N, 3—2)LBIIMSEIERER, EETEME,
NEMXEEXKIZ
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36:08 ZESHE (3HE)
Yeah, exactly. Exactly. Yeah, that was that was very well put. So, what

recursion, it has to bottom out in order to return you the result. But yeah,
you can imagine theoretical worlds where it doesn't bottom out. Go on
and on forever. Actually, Douglas Hofstadter in the dialogue before this
chapter does that. A genie has to ask a meta genie has to ask a meta

genie. Did anybody read that? Yeah, | but it is the thing with time it goes
in it gets smaller and smaller and Yeah, the time is smaller and smaller.

X, R, STEIEM. 1B, REEEF. MRAERLRNE, WRIRE
SERIFREATELAI, EMOTRIE, 7EEEERRESRIR, AR
tH, RATURE—EIEg PR, ERECTMK, —ENEHHITT
x. EXLERHE - GHAEXI-SREEEMRS 7T, —TKRR
ER—TTRR, TRRXEXBTITHER. BAEIIERIEZ? 17,
... NI EB RS, EEEE/), #sEN, X3, HE
AL\

ANY

08 PRSERRBNRR

\

36:43

So, like eventually you know, you just repeat an infinite number of

intensely small Yeah. Yeah, isn't that crazy? Yeah, it's really something to
think about. Yeah. But keep it's like theoretical, but it is very interesting to

think about. So, we'll see how this is recursive after we do the fern. So,
the fractal fern is next, page nine. Yeah, this is really cool.

FAA, SEIRAER, RMELRS MENNEEEE. ... . ¥, X
EAERMIIE? 2, BNRESHE. ¥, AIECHE, XEEEIEL
B, BMZIFEERR, ERERE. M1, FRIMEREZE, #
FEIZXTEEABAN, MNETREDTR, AT B, XTEN
FHEEE. B

75 3E B R
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8 GEB %8 5 ZRIAIXIE ¢\

BERE): BRZLATHER. T
TAEREELME, ESEFENE

i, FTERREAER RIS EASER

— PSRRI

manifestation / menofo'sterfon/
n.

R RN

genie /'dzi:ni/ n.
(FIHIRFRIERRY) AR, 2
THER

well put phr.
RiRBEF (That was well put.
XIFRST)
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So, the fractal fern it looks beautiful, doesn't it? So, we have this triangle.
this isn't the picture in the handout. There's an outside triangle that's
black. And then there's an inside triangle that's blue and some other
triangles that are the leaves. So, first of all, | want to talk about this notion
of a coordinate transformation. You have Say we had a coordinate

transformation between this rectangle and this rectangle. What would
happen it like it's a function on a point, a two-dimensional point.

%B/A‘?A’ ik, B, ERERER, BFAE? FAUENBXTEXT=A
. 1B, XN A2 HXERRKE. SMEE—T :ﬁﬂ?%%@ﬂ’\]o
REEEE—T E%ﬂ?%ﬁ%@ﬂ’\] Eﬁ%%—‘%zﬁﬁi, MEIRLMF.
Bra, FEA—ALRERI MR, RE.... RIREA(E iZA%EEZ
MIXPNERZ 2 B8 — AR Ath’“I"H'/AﬂJE, EMGEFERE—TR
LRURE, — P THNR

38:09
So, say you had the point right here, this point. You apply this
transformation to the point, and what you get is this point here. so, you
have this point here and you apply the transformation to that point, you'll
get this point here. It's just like a little copy of this. Okay? So, this is a
function, this is the function part of iterated function systems. Iteration is
the fact that you just keep doing it. And a system is the fact that there's
more than one of them. It's like a bunch. In this case, it's three.

Bo, BRIPERXEZTR, ZTR, MIEXTERNAZERXTRLE,
AMERXEXTR. 1B, MARERERXTR, REZHRN ﬁﬁéU%B’\,m
E, 7 %%E'@JQE B R. EFESTXTN—TEIZR, 57187 B,
XE—TERE, XMEEARBRAENRLGAEHD . EREHOMEMRA
= iﬂji’éﬁ&L#% MAFIROEZHRHALE—T. 2—H, BZXT

BIFEZE=1.

38:50
I'll talk about it in a minute. So, in and with the fractal fern, what we have

is a rectangle like this.

=, SHEl, A, EPERE, HRNENZE, B, HXHFE—
%Eﬂz,

75 3E B R

HQ&?U%— (fﬁ/J\E’]) %EJLWSOT“
VENRLY. ERENRERS
(IFS) E’\JEZWJ#Q

coordinate transformation
phr.

Y5 (B— DR AR S
BREI 55— AR AR 2R RO ER 25)

IFS ZZRTEULIFME: RE (&45
) E (RENA). &S
(B EIRMENIER) . 1%9/1\3’13,3)?
E-ARER=ITEHR, REEN

N
(s
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39:14 XD FBRENIE R Barnsley
So, this the fractal fern is an iterated function system that has four B BFER Michael Barnsley T
possible functions. This one has three. Each one of those points is one is 1988 iR, ALk

{ 8 [ZES i
a function. You know, going halfway to one of those points is a function. B IFS ERFBIRRARIR,

But in the fern one, there are four functions. This is one of them. and each
function is a coordinate transformation. This function is a coordinate
transformation from this outer one, this outer rectangle to this inner
rectangle. So, if we had this point in this rectangle and we applied this
transformation, we would get this point here.

FRBAZ ... D BRE—TERREARS, EREMATENRY, X—1
B=T. BERENS—THE— TR, fNE, EIPLERFE—T
BN—FiiE, ZME— TR, EEBRERITFFE, BT RE, X2
Hepz—, I8, BTRBMLERLITER, XTREZMIMEXT, X
THNEIER R REDX MERASIRER, AT, MRFAIEXTHERZEE
XT R, RAENAZXTER, BIIMEEIXENXTR,.

39:53

So, say we have the middle point of this outer rectangle. And we apply
this transformation once. We would get the middle point of this inner
rectangle, which is about right here. But here, what we do is we say,
"Okay, now this new point is actually in the outer rectangle." And we'll
apply the transformation again on that. So, this point in the outer
rectangle maps to about this point in the smaller rectangle. And then you
say, "Okay, this point is now a point in this one." And you apply it again.

0, FrBA, EEZMRFATEXTIMNERRERARR, REFHANINA—RNX TR
#, BINFBAXTABELNFTR, AMEMEXE., BEXE, HNE
HEIRN: "F, MEXTHNREIZENEELE, "REHRNBNE
NMA—RZNER, BBTR. AN, SMNEEEENX TR SBREEIRE
EEABRX TR, REFER: ", ZTRIESXTMEREN—

o "RIEIRBMA—IR.
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40:39

And you get this point here and this point here, this point here. And like all
these little points. And eventually, they just get smaller and smaller.
Because the corner points of these two rectangles are the same point. |
think. Probably, yeah. They're the same point. So, let's look at another
one. Let's see.

TRIFFAXEXTR. XREXTR. BEAREZXTR. URAHIXL/)

ENSTEERE) . AAXHTMELNARER—T/R.
BEE, AMEEHN, 28, ENERE—TR. BENERES 1. B,
BEE.

41:16

So, this is the thing that's going to map to. It's It's so It's a line. But think
of it as a rectangle. It's a coordinate transformation. So, we go from any
point in this outer rectangle to a point on here. So, say if we have this
point here in the outer rectangle, it's going to go to the top point of this
line. If we have this point here, it's going to go to the bottom point of this
line. If we have the center point, it'll go to the center of this line. So, let's
imagine an iterated function system with only these two functions.

AT, ZMEBTERGIIENFRTE, ER......ER..... IIAER—F

%, BIROIMEEEE—1MER. ER..... ER— TR E%R, FTUEN
MZMINBEFENERE—=, MEZIX EEN—TR. X, B3]
FEINBREREERXERXTR, EEREEIXFENELEERTR. WREK
MNRXEXTR, ESMRHERIXZLHNE TEIR TR WRBATEFL

=, ESBMERIXZLHFRL. BB, BIEEBR—1RBEXM R
ECERE RS,
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41:35 BIHRITRER: & 90% KR

What's going to happen is and let's say each one is chosen Well, let's say NFA TEEME), ReRZEEtE

each one is chosen about half the time randomly. Picks between each Te7t, fBREMIIRRIEIRE

one. Or no, let's say that it applies this mapping about 90% of the time. jii:gajﬁ WEREER EH
"""""" THIEIR .

So, say we start with this point here, it'll map to this point here, this point

here. And it'll just go up and up into here as long as this transformation is mapping /' mzpm/ n.

being applied. But say it does that like 100 times and then one time it BiE] (RS2 B SEOT RI
goes down to here. So, say it's all the way up here and we map to this )

one, it's going to start here.

ETRZRENE. ... BIRIRETREREPORE. .17, BERR
BPREANE —FIOMRRHENETR . EREZEREHKE. 13, B
TMRIREARL85%...... K0 %RIRHRN X TBREY . AR, RIRFEAIM
XEXTRARE, EcREXEXITR, BEXEXTR. RE-HE
NAXTER, EMETEL. £L£, —HIRXE., ERIREXFHT
AIEI00R, RRE—XRERITXETH. A, RIRE—BLETX
B, REHNMEFRX—, EMEMXEFIE,

42:38 FEETELLES HEFR ER: X

And it's going to map here, here, here. It's going to go up. And say we FRREE, RILFREEIRS]

stop at this point, the computer decides to map to here. It's about, you FLOB—R. X2 IFS RSE
B EWARA,

know, 3/4 up. It's going to go to 3/4 up here. So, because it's random, if
you do this just forever, it's going to eventually fill in pretty much every
point on this line. Which is very interesting to think about. Any questions
so far? So, let's have this rectangle. All four of the transformations are
from the outer rectangle, this big one, to one of the ones inside, one of
the smaller ones inside.

REESMEEIXE, XE, XB, EaELE. RIBNEX—RE

T, BEHUREMSIZIXE, EXEE, RAE, OD2=NUE, BE
MEMREEIXEMS 2 =UE, T, ERXZMHE, WRMA—EX
BT, RRENFRERXZFLZELNE—TR, XBEKFEEER

B, FERIALEBHARBRIG? 3Ba, BAIREXTER, XONERE
EMINEIERZ . MEXTARY, REFIEEE 1. EEEMBUEIE

iR
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43:24

So, say we have this point up here and we apply this transformation to
this one. It's going to go to this point here. Make sense? And if we have
this one, it's going to go to this point here. So, the transformation is pretty
much going like this. So, say our IFS, iterated function system, has these
three. Say we go about halfway up here and we choose to apply this
mapping. It's going to go about here, the middle of this one. And then we
apply this mapping like a bunch of times. Just keep going up and up and

up.

FRA, RIREMNELERXEETR, BIINENARXTER, REEIX—
. ESHERERXTR, REEE? IRBENEX—, ESBEIXE
TR AT, RPTRAMEXFEN, Ba, RIKBAINIFS, iz
ECRB RS, BX=TERH. RRFBNENXEA—FSHUE, &
FEATERNAX TR, ERREIARXE, MEXTHPE, X—
TEIRIE, REHRNEXTRENABRZIR, Mi—EFL. L. FE.

44:03

We apply this mapping again. But it's so closer to the top this time, so it's
going to be out here, closer to this the top of this rectangle. And then we
apply it again and again and again. And maybe it only goes up one. So, it'll
be down here. So, eventually, it's going to fill in this rectangle with this
pattern. It's going to look like this. Okay? And this, since that's, you know,
every point in here is probably going to get applied to this mapping a
bunch of times. So, what we're going to get is this fern structure.

BATBNA—RXTIRE, EXREBINEEILT, MNEREEXINE
¥, BREXMEENIIS, REERMNBIAX—XNAE, iFER
FLET 18, BEMSAEXTEH. AN, KL, ESHERXTEREBX
M. BEXRSERME, F153? MERXT, BAX, RAE, XEENE
— T RABHSHZ TN REHERRZIR. FINBAIISRINME X T RELS
4,
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RSP L S5iHE (WiE)

Okay. Isn't that really cool? You're saying that all of the points in those
smaller in that little small triangle the points that you have in there applied
to like the biggest one to like different parts of the biggest one or do you
like Are you Are you talking about the Sierpinski triangle or the fern? The
fern. Okay. Like you have like a bunch of points in that little like Do those
Do all those like little points that correspond like one of the either one
either like parts of the fern Yeah. It's like they're repeated, but only
smaller and each one has the same amount of points that they have.
Yeah, exactly.

%, ETZ2EAE? REW, BENG... BN=ATENMmER,
e, (FEEZEIRAIPLER, WERHEZIREANI T LE, BREFSEKEBTH
T\ﬂ“ﬂ"” BRI, ... FEERHRERE=ALEERE? KL, &

o MBRMERTNNERS— iﬁ,m ...... L. IEPLNRERE
%BS@‘F_\Z ...... MNRENE—TD? BN, MIFERENZEEN, REE
N, MES— A%Bﬁ’fﬁﬂif(gﬂ’],m EE"J, R

45:32

I mean, if you like get smaller and smaller, how can you get into the same
amount of stuff? Right, you can't actually. And this is Okay, I'll go through
an example. Say we have, instead of just applying it to one point, we apply
it to a bunch of points. Say all the points on this line or almost all the
points on there. Say we apply this mapping a bunch of times till we get
this one, this one, this one, this one, this one. And say we apply this
mapping to all of these points. It's going to map to here.

RN, WRIFHER ), BAFRERERFEZHRANR? X, XfrLEA
BE. XRZ..... 1, HENOF. HROOOHNFIRAZEENAR—1R
L, MENAR—#R L, I:I:tll]L%éa’%J:E’]ﬁﬁﬁ,m, FEWR/LFRER

R RIRHANEXTMRBNARZIR, EEIHANFEZ—1. 53—4\ X
— T B—1 B—1, RERIEBEAHEX RGN AEIMEXER
BRI E,
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4613 BRI AT | B0
And then we do that again and again and again. And say and then what (EEREZEET) HRFHE

SHFXE, ESRONEZ
ERENGDEE, BEEXS
B,

we have, say all those points eventually are going to get mapped to this
one. So, you have a whole little copy of this thing in here. So, you have
these little branches. And then that is going to be mapped up here. And
you have the branches, branches, branches. And then since you have the
smaller branches here, you have two levels down. And this whole thing
gets mapped back onto here, including the new branches. And it gets
filled in as it goes on.

REBMNB—RX—RHXF, AR BBEINE, ERLE
REZHZRMERX— L. FRAMRAEXEEME 7T XENREN—T
NEIAR, FRIRMAE TRENN, 1B, O, REIPTXHMREIZ L
XE, RMBT o, &k 2. RERANFXERE ISR, R
ETFZTME. MEBTRAXEMRFEXE, SEBEHRNIK. EE
WRRYREE, SRMIER T .

46:54 WS BAMET MR
But it doesn't just keep going up to here and just like say we were to RAMEIBS), MAETRERE

apply this mapping 100% of the time. It would just go up here and go HBES. BIFRINFETHPE

nowhere else. But say we apply this mapping like 7% of the time, it'll go MEH, SEABRRDE.

up different lengths and then it'll map back down there and go up, map
back down. And then if we add this transformation going from this one to
this one, we have this. And it's recursive. The reason why it's recursive is
because the mappings map onto themselves eventually. If we look at the
code, it's really similar to the Sierpinski triangle code.

BEASRE—EELIRXE, #MFh&. ... RIgH(1100%E9RER N AHX
TG, EMS—EELERXE, WILBAET . BERIZHANIAET7%
AORHMRN X REY, EMSELENENKE, A/SHIREIE FER
B, BiEL, BMEETH. RAERURENEMNLMZ—TEX—THX
PR, BNMERI TR, MAEE®AN, EZMNUEEAN, 2R
HRXEMPRARSMBEENESE L, URBNENL, EREREH
E = A aCBIEERLL
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47:41

The code itself is not recursive, but the mappings are. And that's what
makes this whole thing recursive. So, yeah, let's just look at the code a
little bit. class fern. So, draw fern. While true, so that means execute this.
Just keep doing it over and over and over. Pick from these list of
transformations. So, the first one says maps to the stem. That means it
goes from here to here, to the stem. The second one maps to the left
branch, meaning it goes from here to this one. The third one maps to the
right branch, it goes down here.

KBAGT BTN, EMEIB)FIN., X7 BILENRAZFRIFNER
A, 1B, B4, 57, HEMNBEME—THKEB, B, class fern (Fai_i K) .,
4, draw fern (EZE) ., while true, HFRRHITXD, M—BX —E
M—BEMTE. MEXPEZRIIRER—D. FIX, E—1"EHNEMEE
Z, ERREMRERXE, BZE, FTPMRERILBNS \782, BERRE
MZXEEIX—1T, "":/\HRE'J?UE DS, EREITEX

48:25 PO TR .01/.07/.07/.85
And the fourth one maps from here to here. It just goes up like that. And BABOERE: BRERE R X
following that, it says pick from a list of functions and then a list of EREER. ANENS, ML

probabilities. It says.01,.07,.07,.85. So, these are the probabilities at which RSEMAERAE, BRSHE

these mapping functions are going to be chosen. If you choose them all

equally, then the chances are very low that this mapping is going to occur probabilities / pra:ba'bilatiz/ 1.

more than like five times or something. So, it just go up here and get #E (probability)

mapped. So, it'd be a very sparse fractal. it would be most of the points

would be like down here. sparse /spa:rs/ adj.

HER . R

FOTEMNXERFEXE, EMEEHEXFELE. ETRER, A—T
REFIRAN—TERIIREHRE, LEESE .01, .07, .07, .85, A,

XL R IX L BR BT SR B FRIIRER . RIRILENRBREES, Ba
X IREVEE L BT MR RMIER R, A, EMSELE—
RAERMREE, IHFENDTEMSIFERER. B, KASBONRBRE
TEHXE
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49:06

It just didn't look very good. | tried it. | wish | could like code it and show
you. So, the.01 means that the mapping to the stem happens 1% of the

time. The mapping to each of the branches happens 7% of the time. And
the mapping up and spiraling happens 85% of time. So, I'm going to take

a break now for 10 minutes. Do you have any questions? So, | guess we'll
start up again. Before we leave these iterated function systems, | want to
point out how the Sierpinski triangle is pretty much the same thing as the
ferns in terms of mappings.

BEEMRAIEE, Bild, EREREMIERIDEREGMRIIE, 18,

FRIA .01 RIRBREYEIZRITR B 1% R R E . BREEIBIT D RATERE
7%, a2 TR HE85%MNER, A, HIMEZIRSI0DH.

RMNBEAERE? 57, HEHENBFRE. ERNETERRBRTX
MEB AT, B, MBREINAES, WRERE=-ATRKREESR
tmlﬁl_@%o

50:05

With the Sierpinski triangle, we have these three mappings. one of them

maps from this triangle to this triangle here. One of the maps from the big

triangle to this triangle. And this the other one maps from this triangle to
this triangle. And each one of them are applied with equal probability. so,
if you think about it, going halfway from any of these points to one of the
other points is essentially mapping it down. So, say you have this one this
line. You apply the function to all these points.

MNTFEREME=AL, FHNEX=TH5, B, HP—1TEMZXT=A
FZBRESR ULEL P=A. ER—THRERMKR=ATMREEIXT=HA
e, Z—1TEMNX :%ﬁ;ﬁ%%ﬁﬂﬁll/\:%ﬁ;o mES— TR A
W%%ME”Q R, FIA, MIRFE—8, MXESFNEE—EEIS—
TR —FER, ARLEMEE bHQ&%ﬂ‘"Ffo EEanig, REXFL, 1R
TR XL N A IX R A

75 3E B R
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BREMBIEX ERE—ENR

(IFS), X3REZHRITE
RS IEEELER

spiraling /'spairaliy/ v.

£8iE (£F); spiral 18 (&
&)
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09 RIBAEYT, BVITEMEIE

BRI F45HE (XiE)

What it does is maps it down to that triangle. So, these you could see
these this these triangles map onto themselves recursively. And that's why
it actually it there is a recursion going on here, but it's not in the code
itself. The code itself is just repetitive, but what it's repeating is these
recursive mappings onto themselves. Yeah. So, there's always more than
one way to like represent an algorithm? There's always more than one way

to represent an algorithm. Yeah, it's really fascinating.

EMEIMEIEEMERI =R/ L. X, RAINERXE=ATE
BAIRSIZIEN B SR, ZMENTARXEEIWIEEAERE, B
BATERBEEASE, ABASRZEEMN, EEEENERXLMRE

B SRR, 2, AN, RE—TEEEEETLE—TAR? &

T—TEESRENLE—MEN, B, 28, XEMNREA

51:23

Especially with these fractals and things, it seems like there's always
another way to do it, to achieve the same result. And that's one thing
especially Sierpinski's triangles are really amazing. So, what if in the new
code you don't have like a In my what? In when you like do the code, you
don't have like some maybe you don't have a recursive function. So, how
can you like figure out like without running the code that your output is so
kind of being recursive? Ah, so how can you figure out if the output is
going to be recursive without running the code?

AERERESFZENERA L, UFRES—MEIASAZIRENS
R, MEX—RAERWREHRE=ATENRME., Ba, MREHNAHG
BIRBPF—EBRRITA? ERERBNNER, (RATERERIFR
B, Ba, RBEABEFBTRBNERT, FIBTLIREYESERMET
B9E? W, P, EBaZeEERETABNIER T B L= EE369?

75 3E B R

itk RIBASREEES
(&), BRARERE TEFARR
BES) X—HFEE. -8
ERASMERTR, BIEAMETES
MMmIERMMSIE,

repetitive /1 petotiv/ adj.

FE5MM (5 recursive 3#BYAM
XS, ZANHRBEILL)
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51:57

You would now you have the code, but it has no recursive function. Right.
Yeah, you have the code no recursive function. If you can't run it, how can
you find out that the output is going to be recursive without actually
running it? So, he said since the code itself is not recursive, how do you
know that the output is going to be recursive? Even if you don't have any
recursive function. Even without any recursive functions. Right. | mean, the
thing is when you write the code, if you realize that what the code is doing
is mapping these two-dimensional mappings you can sort of think in your
head, okay.

MAERE 7B, EEEEmsHEiEaRE., . 80, MBERE, KEE
JAREL, AMRIRRBEIBITE, REAREAEZMEGITHER TRIHES
BEAN? AR, i, DB, BRAABASTAEEN, REARERL

SRIBAR? BMEMRRBEEIFRE, BMERBEERN. 35,
HWERE, BEET, SMREREN, MRERIRFCIEBEMNEEIIR
BNXLEXLE T 4ERREY, RAJMUATERMFEABESR, 1,

52:38

These mappings are going to be applied with equal probability. Oops. So,
just by mentally extrapolating in your head, so you're sort of stepping out

are you going to like do that? | mean, can you can't you just like do while
you're like in the system? While you're in the system? Well, being in the
system in this case is actually running the code and like being a computer
program running it. Stepping out of the system, but what | mean by that is
like taking a higher level view of what's going on.

XEEBREPIG AE F AR RN A . 10T, AT, REFERFEMOIES

¥, RAAES T TR MRS, RER, @1, XRAERR AT

2?7 BIRZAEMIZ? ik, RIMAEERSLRR 2 NBIITREIG?
ERFAZANNR? 18, £XMER TELRAZAEIMEEGITEE,

MEE—TEEETENITENRER. BIHARS, BNEEENEERE
NEBRBE—TESREXNA,

75 3E B R

FAERE[ )N AT B R
RSP ETREFMAIEERE R
BiEIAM? X ERIEITIE MR
25| ETEHE.,

Bk R4 (stepping out of
the system) & GEB BU1RRE1HE
B PERGAIBIRAMNHAT,
e LA —EEN RS EAIEMN
4.,

stepping out of the system

phr.

BEHZRS (GEB #ZIOMEEE: M
BEeRXREURE)
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53:15

So, when you abstract from all of these like different what is doing the
same thing, ydﬂ_éétnlﬂ-(e this higher level which actually does your
recursion. Yeah, exactly. Exactly. Yes, that's it. So, he said, when you
abstract away from all the details of what's going on with the actual the
functions you begin to perceive this higher level thing which is itself

recursion. Yeah, and it has recursion in it. So, if you if you abstract your

thought process significantly enough you'll be able to logically tell that it's

going to create this recursive shape.

FRBA, SRMATEREREN. EMREFESENRATHREE, RS
ATXTESHNER, MELRLMAMEIRE0ET. 269, E2LL,
TEIEM. X, MEXtF., LA, i, SIRMERREERPIEER LR
BT EMREER, MHMFRRBAIXITESRRNEGA, MEXSHME
B3, 20, MEAEEEASEA. AN, MEFEMNBLEITZHREE
BENEE, (RMEEEEE LAMIEEREMX ST,

53:56

Yeah. But there's like no like simple algorithm or like any program you
have like see if it's like recursive or not. Yeah, so you mean like a test?
Like Yeah, like test. No, you have to think about it. That's what humans

can do. Like there's no strict test that could be applied to some computer
program that would tell you whether or not it's going to create a recursive

result. Cuz in this case, there's no recursive function. So, the computer
can't know like, okay, hm well, this Can | abstract into Only humans can
do that. Yeah, so far.

=8, BRFGRBHARENEANEREF, EIHFEHERAEE
B, =AY, FTMRERG—MUIR? L2, Sk, X, MoFBES
ERE, XRAXTBEMIE. MEiR, BT8RN A BAN A
ETHBENERFL, KEFRESASTE—TBANGR, FEAEXHM
BRT, REEARK, MTERENE, FIE, 18, X1T..... 38k
FEEMRARABALRMEIRZ—KR. B0, BRINLEEXE,

75 3E B R
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abstract /ab'strackt/ v.
MR, ZBHMY (HEIESES
—E&T, XRTFEEE)

perceive /par'si:v/ v.
RN, Boo. JIE

TR0

HWEWMES: TEEHAE TMEE
HE) AILE, RBARE
B HREARME—X—115
SEHER, SHERNTEEE
HORRH—RKAE
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And it's not coded up as a system of mappings. It's just these simple
functions. | don't know. So, yeah. So, it's really cool. So, yeah, if you just
think about mapping and you map it over here, all the stuff that was in
here that goes infinitely down is now like in like this little sub section of
this little triangle. And you just yeah. It's a recursive structure. So, let's go
on to the next example, which is very interesting, the Mandelbrot set.
First, now that we have this up and running, | just want to run the
programs that are in the handout to give you a sense of what's going on.

MEEARERRER—TRERT, EREXLERBRE, FA
E. FIX, 289, PN, XENRES. AN, 260, NRMAMIEBER
59, BREY. MG, AREMIETMHFERD, RAREXEETREHE TER
AR R, i)"'b?’" :TJH%ZET_ XTMN=ZANRX—IMRFEEET , AR
... 28, MBREH, Ba, BIAIBRANT—TEF, FERR
&, i?f’f@mm B, 8%, BABIMEEX I EERT, HEBEBIT—
THXERNPBLRER, ILARBEZ—TE2EAEE,

55:17
So, the recursive transition network. Let's run it. See what happens. It's
going to generate 100 sentences. Cuz if you look at the code there's a
print statement that goes 100 times. yeah, page five. It says O to 100.each
print line call the function fancy noun. So, this is just fancy notation in the
Groovy programming language to Oh, crap. It's not working. Oh, well. I'll
just try to get this to work as I'm talking. | can't do the examples. So,
Yeah, I've been having problems with this stay all day.

Ao, BIFEBME, BIRET—T. BESREMTA. ERERK 100
™MF. BRNUNRFERS, B, BEE—TITENEGHIT 100 )R, IE,
=, FAT, E@EE 0 F 100, each, print line, EKEL fancy
noun, FRA, XR2Z Groovy RIZIES BEMNEEESE, AXIE, &, ©
IR, 1R, BT, B—OH—0RBIEEFT. BMATXESF,
FRA, IREM, F—BRHAMEHXKAARML.

&
=
=32
b

IR IR

CE AT



56:07

So, the next example and the last example is the Mandelbrot set. You
guys probably have heard about the Mandelbrot set. It's very famous,
probably one of the most famous fractals of all. It's called Mandelbrot
because this guy Mandelbrot really loved fractals and tried to
communicate the notion of fractals to the world and this is really a great
fractal. So, it'll get a little bit mathy, but that's okay. so, we'll have it's in

where it goes.

Br, T—THF, BERRE—THF, BSBERS. 1B, (RIIKERER

MRS SRERS. Elli’%"ﬁ% FIBERFIE D Zirﬁ—’%ﬂ’lz o I,
EISEEZRANSEEITARENRERDE, HEHXEIED 89
SERAEHR, MXWIZE—TRENDT. mu ETREZE—RE

FIR, BigXxFR. B, A}, BNSEEFELITE. EMERENEX
H—1THEH, XARXH, XLEEN. HEEXAHMHN,

56:55
So, the Mandelbrot set is defined by the function Z =27 * 2 + C. And when
you square a complex number well, first of all, first of all, a complex
number is a point in this plane. So, say this point is you know, this is B,
say, and this is A. This point is represented by A + B I. And | is the square

So, if you multiply two complex numbers together it's not really that
simple. You have to do like the actual multiplication out. When you get is
A AC + you know, | don't know if | should do it all out.

1R, P, SEFEEHRMZ=22+C EX., B, ém\i]‘ AE%&HX$
7‘5H9‘ B, 8%, 8%, —1TEHNMEX /\EFEJ:E’] =. EEani,

=, fRENE, X2 B, tbilix, X2 A. X T=A, ﬂ,%l, A + Bi i%n'\o
& -1 NFEAR, XL LS AETEERN, ﬁﬁu B RIUHREL . FTIA,
13, MRFERITELNEE, 1B, EXHSBEBLEER, RIGIEFREEMR
RAELR., REBE AC + ZEM, BARMEZTZEMELFE,

75 3E B R
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EEHEEE1BE T Benoit
Mandelbrot (1924-2010), IBM
HRE. TR/ ETZzR1, 1980
FERGHZECEE, BRE
ZHDH

mathy /'ma0i/ adj.
(O78) BMRAREN. HREEN

complex plane phr.

SF¥E (EHASEEH. NHRE
89 m)

imaginary numbers phr.

B (B i=4-11%)

E# a+bi WNFEHLE—S, i 2
-1 FEAIR. ERRERBRE
S5%HMHER, E2xH R4
i) MIZEIEM T BN E 2
%,

square root phr.
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58:16 BEER: RENNNELRIER
It could it'll take a little bit of time. But you get this sort of a mapping BHC, ZMOHERREITE Z
function essentially that's not really linear. It's not really that predictable <22+ C, UENERBERR

what it's going to do. So, you have this point here. And Okay, so the way MIER SRS

the algorithm works, you take a point on the complex plane. That gets C linear /" lmior/ adj.

gets the value of that point. And then Z starts off at zero. Just not Just AMEE: not linear JEERER
zero. And you apply this function a bunch of times. So, say we apply this e T
functiononce. Z=2Z" 2 + C. So, 0 * 2 is nothing + C. So, the first

iteration, Z gets the value C. So, Z is going to be there. Then you apply

the function again.

e, XrAERE—RIEE, BRFFEZE—MIRGIRE, KR LERE
SE0, EMERNERATBLAB ST, FIIA, 1/1\7" XBEFRXIT R,
B, 1789, BERXEFLEN: MEETEHLER TR, BTKREVEMR
e C. AfE Z NEFR. MRE, MREE, T, ABRMRIEXTREN
RRZIX, tt&ﬂﬁﬁi‘zﬂ]ﬁﬁﬁ RIZNRER, B, Z=2%+C, FilA, 0% 2
F, 7JIJJ: C, FRAAE—RiER, Z 155E C, ATbA Z 2R, ARMNE
Rz —IRERER

59:09

With and this Z is now the new Z that we just got. So,Z=2Z "2 + C. So, Z
~ you apply the squaring function. And you add C. You add the real and
imaginary components of C. So, it just maps this point to some other
point over here, say. and then you then you apply this again and again and
again and again. So, apply it here. Here. So, | don't know if I'm going too
fast, but like we get this point after applying the function to this. So, now
this is the new Z. And then this the new Z loops back around.

R Z S2FAIRINISEIROFREN Z, PRI, Z2=2%+C, FiX, Z 89
FH—ARMATHRE. REIRINL C. WDJ:CE’J“*B*DJ@.:B Fﬁ
M, EMIEXTRIREIFIFINETR, ttil[hﬁ B, B, RERH
—BHN X, T, EXENA, X8, A, ?ﬂzT%D 1151#
BEAEXRRTY, A, XD ,.\\Fﬁﬁu iZF?ﬂzﬂ] FEITXTR. AT
MEXMENN Z, RAEXTHN Z XBEFEE.
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59:53 (GeEEEileyE))

And so, we apply it now Z squared plus C. C is always going to be the
initial point. But Z will be changing. And it maps to here, for example. And
now the new point is Z. And you do Z squared plus C again. And that
maps over here. So, | wrote a little applet that demonstrates the this
mapping and what it actually looks like, yeah. And the C can be anywhere
you like? Z can be anywhere? the starting point. The starting point could
be anywhere. Yeah. But when you actually run the algorithm, you only go
from -2 to 2.

FEHRNUAEM 2 FH C. CKEZE2MBHIIE TR, BE Z AKU?"'R
t. RAEEMHREXE, #27MF., MEFNRME Z. ARMRBMH—

Z R C, BMEIRIXA, FRA, B, HE T —NIERFERX /\HQE
5, MREZLMEERZTAEF, 0, A8 C IURERMENE? Z 7]
MEE It A? Bias. Eiasr UEEREts ., 209, BHRIFRET
XTEEN, RIERM -2 3 2,

60:39 Curran Kelleher

-2 2. Because that's the only region in which interesting things happen
with this fractal. So, | didn't finish explaining the algorithm. So, say a point
in here, a point that's very close to the to the origin, 0 0. What it tends to

do or definitely a point outside of two, what it tends to do when you apply
this function is to get mapped out here and to get mapped like over there
and just go like really far away. So, what we do to render the Mandelbrot
set is apply the function a number of times.

e, 2l 2, ERPBE2ET \ﬁ/ﬂE—AViEﬁ@IR%E’\JIXEJZ FRA, iR
RHTXTEE, B4, LR XERN—TR, —/\EHE.%ELJ'%,MOO
=, ERAsEEsRaORNER. ERIEXEN—TR, EEFES
B ERE _MIMNIR, SRR R AT, EGEA%EZH%EQ‘?U
ﬁﬂ, WARETRIARD, AEMMEIFERZTAMA L., FIX, BITERERE
EEENME, MEIEXTRIERNARZIR,

75 3E B R

ARER -2 3 2 PIXE: 77U
IEBEE— B L MR RN E
O #1422 A, MoREEE
x5, FeBEE,

origin /'o:rad3m/ n.

(BIRRE) R 'R

spiral inward phr.

ARERE. BIEEL
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61:28

And if the point eventually goes outside this circle at the origin of radius
two, sorry, it's a bad circle. If the point eventually goes outside of this
circle, we stop performing the function because we know that after it gets
outside, it's going to keep going forever out. It has escaped. It's called the
escape iterations. The number of iterations it takes to escape outside of
this circle. These are escape iterations. So, what we do is we color the
point depending on its escape iterations. So, when we actually And the

other part of it is if it never escapes, we color it black.

ARZTRRZBETXMURRABEG, #1208 2 WA, ##K, ZITE
E?%Ti(ﬁ% ARZTRIRZRETEME, HNMEILREER, BN
aﬂ:ﬂ]%l])_b—ﬁﬂﬂ.'ﬂjﬁz}z &)LA—EEE%E@, KZAERT , Btk

XU IRIE ORI, 2 T X TR R ERIE R,
E)ExeL EORE, PIABAIREER, RIE—TREOEERIERREKS
L, i, SENIFLE—3—F9E, MREKTFLER, Befl]
MIEERMEER,

62:10

To actually test that, we just iterate a certain number of times, say like
500 times or like 70 times. And if it hasn't escaped after that many
iterations, we sort of assume that it's never going to. It's not valid. So, it's
an approximation to the actual set, but we have to do it to render the

actual thing. Then we color it black. So, when we actually render it, what
we do is go through each pixel on the screen and apply this algorithm. So,

for this point, this point becomes C. And we iterate, test, iterate, test,
iterate, test. And what if the test what we're testing is if it's outside of the
circle. If it's outside of the circle, we assign it a color based on the
number of iterations it took.

BHIFAMIX—R, BIIMEREERRE, tEalB 500 )X, =& 70
Ro MRIERT RAZBRZRERR®EE, BAMAZIANEKIEZAE
BT, IAE, FINXRZXNEEESH—TEM, 157\JT¢EL1FE7E
kK, HNAEARXAM, REEMNMECFHEE., LA, SZFRER
AR, ?*/iﬂ‘]E’Jﬁiii%ﬁf?%tﬂ’ﬂ%—/\%ﬁ, NENAXTEE. B
X, WFXTR, XTRIMAT Co REFATEN. /2N, &L 4,
pES AW 8 &ﬂ]’fu;)”UE’JEExEE?erﬂﬂ | TESME. MREERIMNE, K
MNHRIEERMANERRREEDE—TEHE,

75 3E B R

Mkt OREL: HIEIREF12
2 MEFENSH, BEEK
B, SEREESRGIIEZZN
FEAZIERHEREETRE
BT,

radius /'reidios/ n.

*2

escape iterations phr.

WRERRE (21818

&=
RNiE: PUERL L EIFTH L

A =Sh
(SWEES
*

KIARENRT BT ESERS
(RE); BFREERARR
(70 500 JR) fRIEMH—FEMN

B FRETE KT TiETE

HIE.

approximation /o pra:kss

‘merfon/ n.

L. EME

render /'rendor/ v.

B, &l (BREAIE); 7R
B MERR1 X

pixel /'piksal/ n.

&S
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62:54 )
applet /'@plat/ n.

And we do that for each one. So, we keep going and say this one, for (48 Java &) /NEIRISEE
example, is going to spiral in. It's not a continuous line. It just applies the

function. And it spirals in. So, that's never going to escape, so we're going implemented /' mplomentid/ v.

to color it black. And this applet is excellent showing this. So, | ST, ESD (implement: B3R

implemented this algorithm in Java. And it's going to output the point and R A THICHD)

it's going to draw the lines between each point. So, say it starts here, it's
going to draw a line here and here.

B TRENBX M. FNAEETE, LMRXTR, ESEERE
W, XPT—ETR—FEL *E@éi TEF%%E?‘ZzLﬁfhﬁﬁl_ TR, R
ERMIRIESEERT . WMY RKIEAZHRIR, BHENMICERER

e, EEXTIER, EX—R U_'%EHF.%H ﬁ% Java LI 7 XTE
H. ESBERER, AREEBRITRZEELES. LIIREMNIEFT
7, ESE—FREIXE, FEXE. XB. XE,

63:42

So, what we're going to see is really cool. So, this is this is what we get in
the end. And as | move my mouse around, it does these tests. So, here we
can see that there's only one iteration. The one iteration gets the color
light blue. And then here there are two iterations. And they're listed up
there, one two. So, you can see all the way wherever it's this color, there
are only two iterations before the point gets outside of this circle. Two, |
think. So, as we go deeper in, there it takes three iterations, four or five,
six, seven.

FIABA TR BRAFERENRA. XMERINKRELGINER. AEBH
mﬁmwk,*mrmkgmm EXBEHMNAIUBIRE—IRER.

ERFINAERREE. AEEXEEMRENR. LEIEIILERT,
—\_ou,ﬁu1TuEU REXTEEentrs, #fREIMRE
RRXTEMBETXME. =, 2. =, HEEXMEF. A, BEE(E
FEE, XEFE=RER, R AR 79R ©R,
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64:22
A lot of iterations. So, all the points that are colored, they do eventually
escape. But all the points that are black don't escape. And so, the
patterns that are inside are really interesting. See these in the middle, they
just sort of spiral in. Keep going. the ones here, there's some looping
pattern. See it? The function loops back on itself. So, it's sort of recursive.
Like | don't really understand how it's recursive, but it sort of is. So, if you
go out to this other nub, the second nub out, it gets this it's really cool

shape.

ﬁﬁﬂﬂyoﬁuﬁﬁﬁﬁ@mm,bﬁ%%%%ﬁﬂoﬁﬁﬁ%@%
REfFAERER, MEAXLEERENRERR ., FREXLE, EINME—
EEE%W —H¥TE, B, XXER, B—MERNEN, BT
13? XTRAEEZTEES. FINEARBEANER, BEIARAKRE
BEIREATEDE, EBERIENLARER W%TWUHL gy
L, tMIEME_ DR, [/

64:59
So, what we could do is zoom in actually on this. It redraws it. So, it's
calculating this algorithm for every single point as we speak. It's doing it
really fast. So, we can see all these really cool shapes that generate this
fractal. And it's just crazy.

BATRILAMHANRE, EFFRAXEEE. EREMSGH. AUAMERIRIE
HNX=/L, EEANE—ITRITEZTEE, BEIFDIR, 18, FAATA]
BEERIF A XEA M T DI EERER ., MEXRIET .

75 3E B R

S EDFHITRIHE 2 IIRAE .
BIEERNNFETH; BFRAE
SRTMRERNSTHLE, HX
PRICAH RETHLIF AT I ER
TREV NI,

nub /nab/ n.

NEEE. B (the nub of) &
&5
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65:31 SEEESNBFIERFEETE
So, we can sort of see recursion here. Like it looks like there's definitely B Z NmERERRCART—
some recursive thing going on. And the recursive part of this is the fact RN TEAMEEBNA 5

IFS AUBREYBREI B & 2E—M4

that Z gets applied to itself. Z of it like this is the nth Z is equal to the Z “

that came before it squared plus C. And then this Z is reframed as the old

Z. And this reframing and reapplying of the function is what makes it reframed / ri: fretmd/ v.
recursive. So, yeah, it sort of makes sense. Let's just go through the code EIAEE. EHEY
quickly. And then | want to show some really cool things. (reframe: #—FHHESRETT)

FIMEANERES DEEEL BT, BERXXEESEREMETNFREE
RE, MXEEBENBLET, ZKUBETEBSS L, XTZ2—
EEanisE n > Z ST EREIRT Z WFELILE C. ARBRXT Z XKEM
SIEIREY 2, IMIESREFAAN. BRNARHREE, ELEERY
7. B, B8, XZDHEE. HBNNRET—ERBIE, AEHELS
ARE—LIFERENRA,

66:20
Oh, where did it go? So, yeah, in the black part, it just recurses infinitely.
And the code itself is not recursive, but the mapping function, again, is
what's recursive. So, yeah, the black parts are in the set. So, the real
actual Mandelbrot set is just the black points. We just color the other
points so it looks pretty. So, let's look at the code. def draw Mandelbrot.
See that there? window.set -2 2. So, it just sets the window, the plotting
range to be in this range. For every X pixel in the height of the window or
the width of the window and every Y pixel in the height, C.real and
C.imaginary get the X and Y values on the screen.

W, BMET? FAINEN, ERENED, EMSTRMtEATE, K55
AEHAZBE)FN, B REIRE, BRE—R, 72BN D.
FRA, =8, BENHIBETXTES. FIMBEENSEEESHSIRA
MERENR. BMNEEMS LBRBNTHE. BBRIERERB, 17,
def draw Mandelbrot ({£HISEEES) ., FEITIE? 1B, window.set
-2 2, XRARIREFO, IBLETBEEAXTEXE, S TEOREFRNS
— N XBE, URSETNE— Y 8=, C.real 1 C.imaginary X8
MERSLN XY E
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67:17
So, what we're doing there is saying basically the pixel gets this actual
point in the space that we're working the complex plane. def iterations
equals calculate iterations C. And we pass it C. Keep in mind, this is C.
The starting point is C. So, let's just stay inside this function for now. def
color equals calculate color iterations. So, we're calculating the color
based on the number of iterations it took to escape. And then fill the pixel
with the color. That plots it on the screen.

BAEBREMRSNE, ERLMER: X MEEXNNEFAIPTEAX T
B—tMEE FE—ENX IR SR, def iterations = calculate
iterations C (IEAURER = ITEERIRE(C)) . HANE C Z#HE. o,
e C. IgRME C. BENAFEXTREEMREE. def color =
calculate color iterations (Bt = {RIBERRETEER) . FTAEAZE
RIERIZFTANERRECRITER R, AERAXTARERXMER. X
MIEEERIRESELT.

67:56

So, let's look at the calculate iterations function. int calculate iterations.
This notation means that it will return an integer, a number. It takes a
Combl_é;(“r_wur_ﬁber C. So, Z.real, Z.imaginar_;;_é:c_a_t:{_at zero. Start there. And
then iteration starts off at zero. So, this is we're going to count how many
iterations it takes. So, while the circle contains Z, that's another function
that just tests if it's inside. and the number of iterations is less than max
iterations. Max iterations is the number of iterations after which we

assume it's just going to spiral inward just stay inside.

BRFAIRE calculate iterations XKL, int calculate iterations, X
TEERTERERE—PMEY, — 1 8F. eBR—TERC, AR
Zreal, Zimaginary MEFIE. MMIBEFE. ARERITHEMNER
5. FRABMEH—HERTEZRER. FIA, SXTEREEE Z it
— RS — TR, MEAMEEAEERER., FRERURENTFEXR
KR, RRERREMEBE XTI zERIMBEES—BEFE
12he. —ESEEERIBTIREL

75 3E B R

integer /'mtidzor/ n.

B

notation /now'terfon/ n.

DR, MSHR
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68:39

So, while that stuff is true, Z equals Z squared plus C. Z equals Z times Z
plus C, which is Z squared. So, we can do that because | overloaded the
operators, the multiplication and addition for complex nurﬁ_lb_e-ré-éz-i_t-
behaves correctly. It does this strange multiplication thing. And so, we do
that, iterations plus. That means we increment the number of iterations by
one. And calculate color just it calculates the color based on number of
iterations. So, we have 20 minutes left. | want to blow you away with some

music and fractals.

8, PRMFEXLESMHBARIIAT, Z=ZWFEAMC., Z=Z2FZMC, th
e Z TR, BIEXAE, RRABRERTCERN, S5 7 EHE
EMIE. FMAERNITARERN, ERPTIMSIHNFECE. A
BATXAM, iterations++, BEEREZIEERRENI—., M calculate color

MARARRIBEORME LR, HI1EFR 20 o8, HEA—LERND

FABARRER—T.

1 BfifiE RENEREIE;

69:28
So, I'm going to play a piece three pieces of Bach. And yeah, they're just
great. So, the first one is actually not written by Bach. Oh, no. What's
going on here? it's not written by Bach, but it's the little harmonic
labyrinth, which is the song that the dialogue in is based on. Carl Philipp
Emanuel Bach. Sort of you know, English language has a grammar. We
could nest sentences inside which we can nest more sentences. We could

we could nest more sentences. And that itself was a nested sentence.

HER-—BE—-EEHMNMTF. 20, EMNENIFEEE, E—BEXT
EEHEN. BT, XREAEE? B, EFAREMEN, mE (=
HE), XEHFIESIPERIIEFMKIENRE, F/R FENE RDBKR-
Eff, BaFLbl, REEZHEEN, BTN EGFEREDF, £EH
REEFREESZCF. BIIEEBREESCF. MXPELFME—T
BRED.,

=
i
=32
b

B RFHLAEIER - ASK THE BEST MINDS

BHE/ES (operator
overloading) : NETENXHEE
REBHEN * M +, FEEE
HRABEERGEEEN.
iterations++ BIITEUII—.

overloaded / owvor'lowdid/ v.

B (ZEFEDH: NEENE

BEHEX +. * FiaH)

increment /' mkroment/ v.
B, M—; n. B=

blow you away phr.

EIRARR B, SIRICANLE

ChiIEZXE) BGEBE S &
BIERELURE . HEREFF
3k J.S. EffiFrEFHIRE C.P.E E
it (EfRF); &8 (BWV
591) MEEFBHEFIN.

labyrinth /'leeborm6/ n.

HE (bt maze B, RE
7o RETIE)

MEARER - 8B 50 |
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70:10

So, music sort of like English has sort of a grammar to it. These chord

He has these nested harmonic structures of chord progressions. So, the
chord it's yeah, in chapter five of Carl Philipp Emanuel Bach, he talks
about it. And the dialogue is modeled after that first song that we heard,
little harmonic labyrinth. And melodies also can sort of have recursion in
that they can have patterns.

FAINE R RIGRIE, TERERIEE. XEMZAT. eE, T8

, BEHEMNE, BE—EHCWIES, LENEBEREREEZ EER
%F%o P, X EMESTRARNEFN—IH N, tANEXLR
ENMAESEN. M%7, ﬁﬁLMB’l‘*D%Z—EE’\J £ (FR-FERE R
DERR-Bif) NERAEE, MiKkETX—R, MABRXNIEEZHEREA
N7 FRINE—EHmF CIFEEE) 5. REAINEEEMNE
%, EANENTTREEMEN,

70:57

Like this theme for example. This theme like Bach does this a lot. What he
does is he takes themes and he restates them with maybe different
harmonies. And they embeds them inside smaller and larger scales. So, for
example, | don't know if he did this did this like maybe on a larger scale
the actual harmony might actually follow this sort of theme. And inside
those, you know, like for a long period of time be this key and long period

of time be this key. And then when you're in that key he plays this theme.

0, EEAR X ER, XPER E‘vafnﬁ" XAF, EE—1EM,

REATENNFEEENRKFR—E, AEEXEETREEE/NE
ANREE, b, HAMEBEMEREEEANRE EXAME, 18,

EENNEE@RAEBNZERXTEBRIAZIA, ﬁ'ﬁ?’“ilﬂ?wﬁﬂ tean
WRK—BRELEXMNEL, FRR—ENELEXTMEL, AEHIR
LAEPBTEEAR R, tMMSERXT

75 3E B R

BRH NEE): MEH#THERE
M, EffERMPREREE
BHENERE. BE
BiREl, % ESIESHMNEER
EREM,

chord progressions phr.
Mzt T (BRAE: MzAIsk
ERF3)

whatnot /' watna:t/ n.
(and whatnot) EutEZE ., %
% (Oi8)

embeds /im'bedz/ v.

#A. AN (embed A inside
B)

EMNERFE: B—EBUR
EfME. FENEREER I
R G, AAREREMLER
S5/hREMNIERBEFZKRE RNE
EL

restates / ri: steits/ V.

Eifk; (B B (£F)

MEAKEIE - ¥ 51 I
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71:41

So, that's an example of nesting. So, recursion per se is not there, but the

and recursive structures. Recursive structures are basically any structure
that has nesting to it. So, English language is recur- is a recursive
structure because it comes from a recursive grammar. It has nesting. And
music also it's a recursive structure, not a recursive process. So, recursive
process is like almost like a function that defines how you can get the
recursive structure.

FIAXZBREN— T F . AANEERREARSHNERE, EBE
ABEARNER. XMZEMNNXAIRERIIEZNEITEN 2 BrIX
A, BRAEMES LMBEAFHRENGM, X, RIESEIRY
MBS, EAEREBEIEE EARE. MEREE iz
&1, T2B)AERE, MNEATEERZHME—TRE, EEXTRE
LIFRX BTG

PR FESHE (3TE)

Exactly. That's it. He said so, a recursive process is sort of like a function
or something that defines how you end up with a recursive structure.
That's exactly it. Yeah. So, so he's just playing like overall there's this
whole theme and he chooses some parts of that theme that he also plays.
And then he plays like that and then he gets out of that part of it and then
he goes to another one which is also part of the Yeah. Yeah. But it's hard
to hear cuz it's Yeah, it's hard to hear. It takes a really fine musical ear to

hear this.

REE, MEXME, i, BEETEERE—TREHEANTAKRA, E
EX TIRREBAFE—NEAEM, TE2EM. . N, FANUEHME
T8, BALAERXA—TER, RAEMMREXTERNELS D, FBLER
Dtth g, REMABFE—ER, REMIMBLELE, FHEIZ K,
MA—EREHE..... N—Hp. . . ESREFTLEER, BRI—,
RS, BITEXMSBIFEHHRAE RER,

75 3E B R

EHEEENRIX D B3I
P2 (ERAIN, #NERER) vs )3
& (FERENFY, WEEG
F. EffRH) . FEZRNEE

SPERUIS

per se / p3:r 'se/ adv.

5. MEASME (R TEHE
W\, BSRATEED)

distinction /di'stigpkfon/ n.
X5). X% (draw a
distinction between HILAX %)

fine musical ear phr.
HHNE RIS (a fine ear
for... ... AOBIER A )

MBI - 8B 52 |
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12 AR EASHH

72:49 Curran Kelleher

And so, let's see how much time. 3 minutes. So, We talk about pushing
and popping of stacks. So, a function, a computer function say F foo
actually. Foo is a function. Or better yet, well, no, forget it. And inside this
foo, it calls the function bar. And here's a function bar. It does some stuff
and it calls maybe G. It does some other stuff and here's G. G maybe does
just one thing and | don't know ends. So, what you have is a stack a call

flow. So, in computer programs and also in English, you have this notion
of a stack. So, here you do some stuff, you do some stuff.

e, BNEBLEZDNE, 30, Ba, 1B, FAIHHLAIEANTR
o FRBA, —TERE, —MITERER, tbanhy F, E3L0Y foo ME, foo
TR, FEEFNE—R, &, ETET. RBEXT foo £
H, BERRATXEH bar, XEZRI bar, EM—LEIE, AEERERA
G. EBRM—L5INEE, XER G, G ARERM—4E, RBERTA
B, MGRT. FIURBEINZE—1%, — AN, EXEEEEE
HRE, REZPMEENNRE. MAETEIRERFE, TFERIE
B, MBERITHE, MAINEXERE—LESE, RE—EE,

75 3E B R

A (call stack): FEEMA
AHEREIIEE M, RO
EYEl, GEB FEMR/58MEEEEA
EMBENE. THEENER
pridunt

call stack phr.

A% (CRRFRPEREMVE
B /E o £54)

MBI - 8B 53 W



7 3E bi R & IFHIKANIZE - ASK THE BEST MINDS

74:05 R ) FHIEKRELER TEFEFE
And when you call bar your focus actually changes to over here, bar. But ), HEINR: RIEZHIEET
BinhE)3 0 F—8 1T BinEl

you retain sort of in your mind or in the in the memory of the computer

________ e = ek

where you were, where you left from. So, you yeah. Is this like when you ﬁgﬁm{ﬂz HF . R
fRAGZ BN,

do when you're like trying to do something even like maybe have several

songs and so on and so on? Calls? When have goals. Goals. Yeah, exactly. retain /r'tem/ V.

So, that's why computer programming is tough because like you have a 1RE (RS D(E

high level goal, but then to get to that goal just like you said, you have
other goals that you need to meet and each of those goals requires some
other goals. So, it's actually recursive. Like It's crazy. So, when you when
this func— when this when this program executes, it does this stuff.

RIESIREMA bar NITR, REVESNEXLERETXB, bar XE, (B
REMFE, FEETENNRAEFE, RKESENZEM/L. (REMBIL
BT, FRBMR—3, XZAFEMBIREMEGSR, LEalIRAIRE
B lBRZEN, —BE—R? BA? SFREEmNIE. Bin. X,
ERXME, FI, ZMENTATENREERE, BNMRE—TSENE
tx, EERXFITER, MEMRIEN, REBERINERETTHR, MALR
MENS—TXFE-LHNET. FAINEEIREEN, ME—KK
BT . AASZTERE—IAXTEFHITHRR, EMXLESE.

PEESII Curran Kelleher pop /pa:p/ V. / n.

It puts this position A, let's say, on the stack. So, this is the stack. A. And Wik WY (5 push EAEAE
then it goes into here, bar. Blah. Does all this stuff. Then it calls G. But to 33, RIRIEARIE)
remember where this is, let's call this position B. It puts B on the stack.

And calls G and then does all this stuff. And then after this it returns. And

when it returns, it asks, "Where was | last time?" And this is what the

stack is for. So, "Where was | last time?" | was at B. So, we pop. Putting

something on the stack is pushing. Taking off is called pop.

EEXMIE, FH AR, BMEHKL. ANXHMEK. A, RAEREHEIX
8, bar, Wilfil, MEAAEXLEE, AEEREA G, EATICEXEZMR
JL, HAEXTMUEN B, BIE B BEIML. AEEA G, HEHMTMAE
XEE, AEERXZEERD, SERERRE, EFE): “FERER/IL
KE? TIXMERAAL. PR, “FEREMILRE? "HAE B, FRATA]
S, ERAKEIRLEMEN (push), BXFHRIUEL (pop) .

J5 3E B R MIRREIE - B 54 T
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EEE FAESiHE (3HE)

We pop it and say, "Okay, here's B." This is B is where we were. We go
back to there. And we finish this. Once we finish this, we say, "Oh, where
were we last time?" So, it gets A. And then go back to A and finish. Yeah.
So, so you can like make it so that you have those things, right? Those
are like themes maybe like parts of the music, right? Yeah, sure. Yeah, |

mean yeah, exactly. other things that thing sort of like reflects itself. Yeah.

Yeah. So, the dialogue which reflects little harmonic labyrinth has this sort
of structure. It goes inside something inside yet another thing and back
out and then back up. So, so it's 5:00. I'm finished.

BANEERLE, 7 “%F, XZE B, X1 B MR FRErItths .

HMNEZFIL, REBINEZBo M. M2z, Hilix: “H, BHilL
REMILEE? "TRERE A, REEE A, EEMZT. . AU, AN
RAJBAEE MR, ILRERLERA, WIE? BEMEGEED, IR
BRNELRD, JIE? 53, HA, &, BER, X, E2XHF. 30K
7, ﬁB/\?FﬁﬁmJ%xeT" REIES. X, X, FAABRERIFER (/NFIRE *))
IR A XM . EREIRTRAER, BAES—TFRAEHE, A
[k, BRZIE—F. X, 5R7. AT T.

75 3E B R

WERIFRL: (MIREEED MER
MEEMESMEEHS 8L
—HEABEPOREFTRER
., BXSATNEZE GEB 1Y
HEIFIE,
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F_Gbn OB - EREHHRIA

1. What makes X ... is the fact that ...

“So, what makes this function recursive is the fact that it calls itself.”

A MEX BEEEMANIER...0 REARREE, EIFME + is the fact that MG, SBIARRXZNZL, EETENT

=]
AR,

2. if you were to do ..., ... would ...

“If you were to do this rule an infinite number of times ... the volume inside of this object would be finite”

were to EMFRMAG, HRAEIL. RATBEEFRHATRIRIR (FBRIRIEN) . L if you do BRH TEEXIN) MIES.

3. the more ..., the longer/E ...
“The more that you zoom in on the coast of Britain, the longer the perimeter gets”
NEL...#...) WEERREN, ERRTENEKXR., RIFBRPRARREXANEETR, FMEE the deeper..., the

harder...,

4. Say we ... / Let's say ...
“So, say we start with this point here, it'll map to this point here.”
MBS NI RGNSk, 85T suppose, HEEE. BHFHIFIIIEE B, Lk assume BIAEZ,

5. That's what it means to + v.

“That's what it means to have infinite perimeter, which is why it's just so fascinating.”

XA NE Xy, BTFEMSMSEINHENEAERSE, WRERE. F1E which is why IRBLEHER, R
.,

6. A is pretty much the same thing as B in terms of ...

“The Sierpinski triangle is pretty much the same thing as the ferns in terms of mappings”

in terms of RELLRAVEE : 5. MEMEREARZ—LIF,, MEELE. IAHLMRNE, BREL,

7. It's been mathematically proven that ...

“It's been mathematically proven or you know, extrapolated that ... the volume inside of this object would be
finite”

WEISERETS | M EMIINEGIE, REILME. REGIENEE. FABESHEPHRAEE, HRMinETR.

8. But keep in mind (that) ...

“But keep in mind this is a theoretical creation. It's just in the world of math.”

RETEISAIREMRHSME, TRTHLERE (KEXSHFEESYIRNT) . FEHPERTIRNERESE.

J5 3E B R MIRFEIE - B 56 T
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9. ... correspond to ...
“All the arrows in the diagrams correspond to function calls in the program”
KT T RGN —XNRNX R, SRR, BRI 0ENE, PI{AS each node corresponds to a state,

10. Let's hold off on ... until after ...

“Let's hold off on that answer until after we do the next one.”

M. . M—1, %F..2EHER.. ARRETE. REEZHXARIA, hold off on EFHEZ[IEANNRIE.

MR - B 657 I
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) B 4F A9 3k A% $2 8]

- ASK THE BEST MINDS

gE N = A BXY HI
abstract /b’ streekt/ V. MR, BEHEY EAEEEF_FN, XAFHEFE) 53:15
applet /*zplat/ n. (L35 Java M) /NN AEFER 62:54
approximation /o, pra:kso'merfon/  n. EBL EE 62:10
argument /'a:rgjomant/ n. (72) 8. X%, FETRE it X 2:40
at random — phr. fEfiE, ERH 7:50
averaging /' @varidzim/ V. BFEt9{E (average fEEHIE) 31:39
bagel /'beigal/ n. BEi (FEEEe) 10:54
blow you away — phr. FEIRARER. <SRN LE 68:39
bottom out — phr. s (B3) FEREIERGMmELE 34:11
V.
branch out — phr. AX. BF; 5I8RAEEHRGE 15:02
V.
call stack — phr. A% (CRREEAREENGHSTHEN) 72:49
chord progressions — phr. Mz (BFRAIE: MRNEEFT) 70:10
coastlines /"kowstlamnz/ n. BE% (coastline) 20:10
complex plane — phr. S¥@E (BRI, iR EEFm) 56:07
coordinate transformation ~ — phr. AT (B—DRIRAR A RRE S — LR RAYRER) 37:26
coordinates /kow'o:rdanats/ n. LY 7 31:39
curly braces — phr. wES {} (HEKRIE) 8:32
distinction /dr'stigk fon/ n. X3, X% (draw a distinction between HIAX %) 714
embeds /tm'bedz/ V. #A. AN (embed A inside B) 70:10
entry point — phr. ANOR (FRFRFEHTRIMHS) 12:04
equilateral / itkwa'laetoral/ adj. Fi0H (equilateral triangle 0 =£FH2) 16:50
escape iterations — phr. WERERRE (SREESBERANE: PBREEREL 61:28
)
essence /"esons/ n. ASBR. %588 (communicate the essence of {53A... A4S 6:54
Eic))
exclamation point — phr. RIS (EXWRE; R exclamation mark) 0:40
75 3E B R MITHEEL - ¥ 58 W
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execution
extrapolated
factorial

fill in

fine musical ear
finite

generalize
genie

getting at

handout

hold off on

if you will
imaginary numbers
implemented
increment

indices

integer

iterations

labyrinth

linear

loop back on themselves
manifestation
mapping

mathy
mind-boggling
nest

not necessarily

/ €ksa'kju:fon/

/1kstraepalertid/

/feek 'to:rial/

/'famart/

/'dzenralaiz/

/'d3imi/

/"heendawt/

/'tmplomentid/
/'mkrament/
/'mdisi:z/
/'mtidzor/

/ 1ta'rerfonz/
/'laeborm6/

/"lmior/

/, meenofa'sterfon/
/'meepiy/

/"mae0i/

/'mamd ba:gly/

/nest/

phr.

phr.

adj.

phr.

phr.

phr.

adj.

phr.

adj.

ad;j.

phr.

) B 4F A9 3k A% $2 8]

(F2%. #MIA9) 1T
SN, HEMT (extrapolate: HIEENFEELHELAREAN)
ME (n! = nx(n-1)x...x1)

RIFR; IRESTRE (Al in for sb.)

HEROF RIS (a fine ear for... 3. KIBIEHIHIFT)

BBRAY (RX3F infinite FoBRAY)

. R (B4 RA—AALI)
(FIRE#IEH) BR, WHITHER

(be getting at) RiZkIRZ. BiE

(RERH) HX. BH

&, #HE (MES)

SEERABIE (EFEEFAOKENIE)

B (=4 -10%0)

STHL, BT (implement: 1Bi&iT R AIIE THIAAS)
EEBIE. n—; n. B2

index WE%: &3l Tt

B

R (ORE) ;5 iteration —REEHAIT

HE (kb maze BXHM, JREHEHIE)

ME; not linear FETL AL B LLAF . JEFTN
ZEB5. OFBES (HERBREMNERREA)
FI. ROMER

BREY (B1%: =BImA9XSRIALI)

(O3F) MFEMRER. REFH

LAMEER . BN

BRE (—BE—BMMAN); &8 nesting BRELH

FA—E. Kb (BOEE)

MIRRER -

- ASK THE BEST MINDS

17:35

21:04

0:40

0:00

72:15

21:04

19:25

36:08

29:26

1:24

32:16

5:53

56:07

62:54

68:39

5:53

67:56

21:40

69:28

58:16

9:29

36:08

41:55

56:07

21:40

10:10

33:06

HFEH9 W
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notation
notion

nub

origin
overloaded
per se
perceive
perimeter
pixel

pop
preposition
probabilities

pseudo code

radius
randomization
randomness
recursive
refine
reframed
relative pronoun
render
repetitive
restates

retain

satellite image
scale
segments

self-similar

/now 'tetfon/
/'nowfon/

/nab/
/"o:radzm/
/,ouvar'losdid/
/ p3:r ‘ser/

/por 'si:v/

/pa ' rimrtar/
/'piksal/

/pa:p/

/ prepa‘zifan/

/ pra:ba bilatiz/

/"su:dow kowd/

/'rerdios/

/ reendomi’ zetfon/
/'rendomnas/
/r1'k3:rsiv/

/r1 fam/

/ 11" frermd/

/'rendor/
/t1'petatrv/
/ ri:’sterts/

/r1'temn/

/skeil/

/'segmants/

/ self stmoalor/

phr.

adj.

adj.

) B 4F A9 3k A% $2 8]

L. SR

. M (t idea BIER)

NhiER, 7Z5E; (the nub of) E&

(IRRN) R= &R

B (ZENEDN: NAENKEEREN +. * FiB
5. MEASME (RTEMEE, ERTIER)
R, 8Bu. WE

B (EthEn) SME

BER

ik, UL (5 push EARAEXS, HIRIEARIE)
M8 (GEEARIE)

2R (probability)

AR (RRAXBIE. TREZRGTINRE); pseudo- &

9

¥z

B (ARSI NBENILEH)

BEAL 1

BFHY; APZOARIE, IEERARIERETHN
{EEREH. M. DU

SIMEE. EFEN (reframe: H—FPIELRETRF)
X&ZM1F (% which, that, 5| EIEMNT)
B, il (BRFARE); ™E MERRI X
EEMH (5 recursive BIFRIETS, AHKFEIILE)
BHFR; (%) B ()

REB. R¥F. T

DEAK

ZEEBIGERG n. RE

%EY; B, B89 (segment)

BN (BESBAFIRER), DHE R

MIRRER -

g)
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67:56

6:54

64:22

60:39

68:39

71:41

53:15

21:04

62:10

74:51

9:29

48:25

11:41

61:28

20:10

19:25

0:00

24:39

65:31

9:29

62:10

50:46

70:57

74:05

24:06

14:09

16:50

0:40

$o60m
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sparse
spiral inward

spiraling

square root

stepping out of the system
transition networks

trunk

well put

whatnot

zoom in on

/spa:rs/

/"sparraliy/

/trapk/

/"watna:t/

adj.

phr.

phr.

phr.

phr.

phr.

phr.

BB IF AL AKIZE - ASK THE BEST MINDS

HmERY . TEH

MR, BhEiUsy

#ie (LF); spiral 1258 (E5h)

FHIR

PEHE RS (GEB MR : MESRXREMREL)
EBME (RTN, BERERTEENERNMCIA)
WF

RiR1EF (That was well put. XiEiRSEF)

(and whatnot) #E#NtEE. F% (OF)

BMAME; RET

MIAFEIR -

48:25

60:39

49:06

56:55

52:38

6:54

12:04

36:08

70:10

0:40

g1



7 3E bi R B & IFRIKANIZE - ASK THE BEST MINDS

FEMUEks EEEEN - 8 &

1. BPAREBAMT 20T THIK) (bottom out) ? MSERENFEMHALIE?

2. NS RINERIFIERMTA? AT ARXE?

3. At AR B NEREREBRLHNKE?

4 RERNEBLBIENR, MTARKERAZER—NS/RENE=HF"

5. WREHE=AFARENEFNBEREBEARLY, HEIANSFIEIEME?
6. EREESRGTREXGNEEXREZFARMTA?

7. ENAX S TR 5 NEEsm) ? FETHAMNF?

[00]

. B2 IFS MU BREY A .01/.07/.07/.85 BIANEMEER?

W

EER
1. BNERFTRIEFAEE, KX EREBER, MEESRYE 'n XTF 1433, [NHRE 17 &KIE (58 3-4.
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