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01 REEGZESERRER

0:00 Justin Curry

The following content is provided under a Creative Commons license.
Your support will help MIT Open Courseware continue to offer high—
quality educational resources for free. To make a donation or view
additional materials from hundreds of MIT courses, visit MIT Open
Courseware at ocw.mit.edu. Hi. Hello. Welcome to Godel, Escher, Bach:
An Eternal Golden Braid. my name is Justin Curry and I'm a senior in
mathematics here at MIT. I've spent the last year at Cambridge University,
UK. and the summer before that living in Germany. So it's kind of a
reverse culture shock coming back, but I'm excited to teach Godel,
Eééhé?;_é_égﬁ_gééfﬁ:_l_ taught this course in spring 2006. It was a 10-week
course then and we attempted the impossible task of trying to get through
this thick monster all in one go. And it's impossible. most undergrads can't
get through it in 13 weeks. | got through it in about 7 years. So you're
going to be attempting a feat here, not to complete the entire book, but

to get the essence of Godel,

MTABETARAZ A NBUERM. BAISIFIEEE) MIT FFRURIE 44
RERESHENHERR. UFBEINEREHRETTMIT RENES
B, BB MIT FBORFEM G ocw.mit.edu, B§, AFRIF, XHHE]
(FRR. "KER. Eff: EREZARM) XINR, 1§, FKLW Justin
Curry, & MIT HERNANZE, TE—FHRAEREUAE, BZA
BTERBEERE, AMUERZEERREOXMAHE, NTERRMEEE
BXHR (FER. RER. Eff). 1B, IHE 2006 FHEFFHIIX|]
Re BRZE—T10 BrVIRE, HMNEW T —HATENE—E—OS0E
FTRXAEFIFARNKEL, MXZARATERN. 1B, KASHARLE 13 BB
R5e. BAMAET 7 FF1%L5E. FNE, MIEXEEREN, HAEE
TEAP, ML (FRER. RER. Bif) AEEEIREGLE,

75 3E B R

(EFER, BER, Efik)
(GEB) Rf&tHIA1979F AR
E1E, 1980FREFHRIAEE M
R, hiFAE (ERE). NR2
MITFBURFEE [E = A AR
o

reverse culture shock phr.
REaxXtss (EEARESERT
RIENT)

feat /fi:t/ n.
12, SRERIAH

MIAREIR - B 3 W
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1:07

Escher, Bach out. but | want to make sure we introduce everybody. just to
get people's names. This will help me take attendance and it will also just |
also want you to say what is it when you read the course catalog that
interested you most and why essentially why you're sitting here today. I'm
curious. so what is the idea behind this book? | interviewed a good many
of you this morning and just to make sure that you guys felt comfortable
with mathematics. This course isn't directly about mathematics.

¥, FPEHEHERARLERINRA—T. B, MEENBARNEF. X
BERBRR, R, BHBBRIMRER, RNEREBREEIMH AR
BRWEIR, UEkRfta, B, FREMZBIRSRKATLZLEXE,
I8, BREFE, B, BLARTPERROVEER(TAE? 1B, SKEL
BEIR TIRMNEPEEZHA, R2EWMAMINBEREIBE. X R
HIERXTEHE.

02 #ibvel@: BIEMEmH

1:44 EEARIZOER: TEXHIY
There's a lot of mathematics being talked about. Yes, do you have a B (R¥. EARK) DAL
question? What's the class about? Okay, so that's what I'm going to go REEBIRIN 5. RERERE

4k == bl N B
through right now. the here is that Douglas Hofstadter is interested in one %, BRBABANROEE.

primary question. And that question is, how does a self come out of things
which have no selves? How is it that all these carbon atoms and

entity /'entati/ n.

SCfR, MWMIITFTEYD
molecules and proteins which make us up in the physical universe, how do

they go from being meaningless to developing into an entity which can

refer to itself?

B, RESWEIRZHE., 20, MABEMQAB? X TREHTA? 5F
89, MEREMEEHN, 18, XBEHXEE, Douglas Hofstadter ¥
ME— MMz, BEEME: — D BR BUNEMNEEERENERA
FEERN? BASERXAZHMEENRET. 2 FNEER, EXT™M)
BFHE, BMINENELEX, KEM— 851858 SR

W R MR - B4 T
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2:23
Like right now I'm saying | think this. | think you like this. I'm meeting all of
you as individuals. Each one of you claim to have a self. You might
remember Descartes' famous quote, | think therefore | am. So it seems
like the | when | say the I, | mean the things we call ourselves as a real
existent thing. But it's a complex question. How do we How do we get
eyes out of non-eyes? And that's kind of going to be the goal over here.
So I'm just going to call it I. But how do you get to an I? You get to an | by
having a bunch of meaningless primitives.

EERNERAEROR “BaAARMLL” . FIAAMRERZX T, HEALIFNSTAS
IR MASGANR, RIIB— T ABEMAE—TBER. (RMITEILHE
EHRRIURS: HEBWBAE. FAUERFR, JFR B NITER, X7
‘HHENERNMZA BT EIFENARA, B, BXETER
B9E)RR, BefIanE—RAIANEIM“IEF" PSR “H"? 18, ZABMEHK
X TR BEARERTE, AR, HRMEECSER". EIREATERFR—
PTHETIE? REBEE —HELEXNERTEER K",

75 3E B R

MERBRHE BEHFR (%
WHEY (1637), NBYERA
SERTRAIIRERZEIER, 2
AL EENER.

primitives /' primativz/ n.

BEAnR, Ripsx (B4E/1it
BARE)

MIAREIR - H 5 W
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3:03
Things like atoms proteins, molecules, | should say if | want to etc. Like

B RFHLAEIER - ASK THE BEST MINDS

BRUAEINERIEHFAH, 7
TEHEINAZ B EAE L

(ERER MrthAu, 2684
EHFE), GEBEFHRRER
5,

this is what you're made up of, but none of these things mean anything.
None of these things have eyes or selves, but you do. So what's the
What's the relationship here? Douglas Hofstadter he wrote this book back
in the 70s when he was doing graduate school in physics. And this was
after him doing math undergrad at Stanford. he believed that he saw the
he saw the answer when he was playing around with mathematics in the
very formal systems we play with. Like when we write down things like 2 +
2 = 4, these are just these are just symbols and as we go through the day
I'll show you completely equivalent ways of doing addition which will look
like this and these are just logical primitives like and if you've seen any set
theory and you know don't feel scared if you haven't seen any of these
symbols but like there exists an X for every we give these interpretations
but the idea is that mathematics can be reduced

BRRF. EAR. 2F, UREEMIERITNESESE, MEXLEEMK
RIZRA, EXERARTSHEAEARA, XERAHZERE, 1
wEBH, BR—ERMFE. BAXFENXRASTANRE? 1B, &t
(Douglas Hofstadter), fthEt+FAIEMEBERRENRE 7TXAF,
FE 2RI EATIEEIE N ZE AR, 1], tBEESER T — Mg
}ZE. BERNFMANPBLEIEELXMMNRSN, BETER, LU=
15T 2 + 2 =4 XHENFAN, IEIAFTTRE—XEIFITERS,
MmEMESKRIRFENHE, BeBRIBT—EX2EFNNMINENS
X, BERREZEXTHEF, 1B, MXLEIAZEE LNEARET, tbil—
MRMREL—REFICHE, RMAE; NRMFMEILITXLERFSHHIE
8, tbdl MEE—T X TFE8—11, BNESE(HFER, B20@
Ee BHEFEP DAMRIRR Y

=]

417 MESE] (symbol shunting)
To a bunch of meaningless operations just symbol shunting but what's ERR ARG R RN SR
interesting is that within mathematics there exists a an equivalent to a S RERENHRME. BFH

self-reference. This is this is this is a bunch of atoms and proteins RIBIEST AN BRRIRERLEN

““““““““““ A—H%.
referring to itself calling itself an I. what happens here and this is this is

going to be kind of underneath the name of Godel S i

#%2, Az (symbol shunting
—ELEXIRIE, MEFTSHRCERE. 1B, EEERNE, BRE BN IRE S S)

RBEFEE—MMSEESNNERDA, X (BA) 2—HEFNEAREE
*EEE IEECE T, 1B, XBRETHAR XEBD AL =T EIEIED J el i e

A —r/aE S n.

J5 3E B R MIRER - B 6 W
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4:49

Is we're going to get to some incompleteness theorems we're going to get
to some statements which in mathematics refer to themselves and the
question of how this happens we understand this rigorously.
Mathematicians have worked out how do we go fr-é_rﬁ“r}w_é_a-ﬁ_ingless
symbols to something which refers to itself and which has meaning. The
claim then is that these two systems are equivalent and this is really the
profound idea. I'm going to draw this symbol and I'm going to use a term
called isomorphism and isomorphism is basically an equals to an equals in
a different sense but the idea here is in many ways we can link atoms and
proteins to kind of logical symbolic primitives in mathematics and we
understand how we get self-reference in mathematics so maybe we can

use this to understand how we get I's how self comes out of non-self.

BMNEHH—EATEUEE, IHBIRZF—LEERESNFRR, X
RUERER, X EEBAIEAMEERN, HEX(NBLB/BET:
BAVAIMNZRTEXNFS, EREMERES. FEEEXHRA, 3
LARXENERME: ZMTRAZFMH, MXT2RERZNEE. B
BB MXMMFS, HEA—MI 'EH, (isomorphism), EMEAR L
MER—MEXENEFS, EXENEER, ERZIAEBRNFTUMERF
MEBR, REFEILZENSEENERRTERRARI. MB(1ER
HZPEEREAFTERN, FRABIFRIA INELRIER T8 2EA%
B, BEREEAMEERFTEN.

75 3E B R

B RFHLAEIER - ASK THE BEST MINDS

FERI9NFRRATHIERE

E: FOUeaBEAN—ITAR
RhHEFEELES. REAR
AEARRA R, XEEFAVERE

XHE,

incompleteness / mkom
‘pli:tnas/ n.
&t (FERTTEUE

1)

rigorously /'rigarasli/ adv.

Pl P

isomorphism / aiso'mo:rfizom/

n.
B4 (ZEMEREFITRLK R AR
5%)

MIAEIR - B 7 W
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5:42

This is a really tall order but we're to try to do it and that's what this book
attempts to do. And what I've done is isolate the chapters in this book,
which | think are most pertinent to pertinent to this string of thought. But
basically what we're gomgtodo is we're going to learn how it works in
mathematics. We're going to go from logical primitives and work up to
self-reference and talk about Zen Buddhism, consciousness, etc. But
that's going to happen as we leap over here, cuz we're going to we're
going to work up, down, and then around. And we'll conclude the course
with some interesting questions about artificial intelligence and how

intelligent things come out of unintelligent things.

XETIEERENES, ERMNEBLAEEM, MIBERXABILEMA

E, BNERERE, EXEBERINNRIZEBBREEXNETH T H

#, EEXREHNEHOZ: ZBEZECERFERELIEEN, BIIEM
EHELRTHEA, —REZTEE, ARPER. BRES, BIES

BMNREIRDT =RE, BABRMNEBELE. £ FE, RAEH—B. Ri2

REHRMNEU—LEXTATEENEBROENE: FEENRAZEAM
BRENARBET LM,

03 ﬁj(:uéﬁlﬁ:uuu

6:21

So, when | was teaching this course 2 years ago, or two springs ago, | ran
into kind of five things, which | viewed as really important tools for
thinking. And this is kind of I've had to condense a little bit into my

famous tools for thinking lecture. The idea here is that Godel, Escher,
Bach has an incredible number of conceptual tools for thinking about this
complex problem of how do you go from a non-self to a self? And just
outline these real quick. we're going to have

B4, MEH] RN ER P ZA— X TIRAAT R, e
%&Tkﬁﬂﬁ?ﬁ BINNENRFEEEENBLETE, LME——ﬁ
AMEAERABTESE—=, EHPIHERN TRETR) HEE, 17,
BrER, (B8R, KER. Bif) RHETARENHEZTE, %%w%
XTEZRMEE: (RIAMIEEHREZIBHK? 18, BIATREEENT—
T. B, BM=F

75 3E B R

ZIRBLE: MNEBEATRE
BIEE, BEMIER. 2R
S5 AT Erse—ED MEaeanfam
TR RERIARA P4,

tall order phr.
EREES, TEHNEK

pertinent /'p3:rtnont/ adj.
BYERAY, TR

ARSI R ZERECEBNMIF
28 @M. &3, 1FE. 15
ERARS. AR R

condense /kon'dens/ V.
=48, tEE (AE)

MIAREIE - H 8 W
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7:17

Isomorphisms, and I'll explain all these terms as we go on. Recursion. I'm
going to leave this one mainly up to Curran on the second lecture.
paradox.

@, XERERT=ERE——FR, B3, X—THEEBL Curran
EETHEW, 1B, 1FE,

7:39

And this is infinity, which and all concepts are very closely linked. And
finally, the main subject of for today's lecture is going to be formal
systems.

EERT, 1%
RBEBEAARER.

PIAXERSHEZRE, &E, SRX—HNEE

04 [EH: BMS5™BZS

8:02 FEARNBNIEEZES: #EFEH
All righty. So, first let me go through kind of definitions of these terms. An isomorphismig{RIsIZEEIH
isomorphism | want you to all be very careful with this because when you WRES; AIREFAGEBRIEALMA

N {=7 ri:t N ShaED
start talking to mathematicians, you know, grown—-up professional B, (S TEH M.

mathematicians, they're going to use the term isomorphism to mean
something very, very specific. The way it's used in Gddel, Escher, Bach,
the way it's going to be used in this class is very loose. We're going to
make very kind of intuitive statements like you know, what's the
isomorphism between a car I'm not a great artist here.

FHY, B4, BRIUERET—BXERNENEN., B, BE—HREAR
X MEFEE D, BN IRFHIRREFERRMAII R, (RAE, RABL
RUFAESERML B 2R, 18, fRf1A TRM) X MEREEMIFREIERE BIFRY
RAG., ME (FER. RER. Bff) ERRAE, hEBATXNIRENA
%, BIEERENEN, B —EHEIERMANRR, LR, 18, /R
B, —WEM.... NEMEFTA—REEFKT,

J5 3E B R MIRER - B9 W
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8:55 BEMMNEREX: — A ERYR
What's the isomorphism between a skateboard and a car? and you know, 5, WA EHRELDES.
you might say lots of things like it carries a person, it's it has four wheels. BIRSIRIFHRIETER TIRIED

INFER B R AN \
So, what we do is we construct a map, which also has an inverse. And PERRENTIRENRE.

that's the way you think of an isomorphism. You can go either way and . ‘
inverse / m'vs:rs/ n.

preserve information, preserve kind of structure. if you if you really feel . s

like following along, I've in— cluded actually a quote from Douglas
Hofstadter. And on a page seven of your of your lecture notes.

BIRMISEZBNERZtA? 1B, RAE, (RAIESRRZRA, Ll
EEHA, B, E—ERNF. MAENENSE, MEWE—T
BREY, MEXTHRETERT—TERE, IME—XMEIMXEAERER
W, (RAIBME—SRELE, B, FEFREER, REBEMEH, Ik,
ARF—UNRRENBIRES, BEXKR T —BRIEHENFRIE, 18,
EIRTHXBE LT L,

9:35
He says, and this is in the middle of the page, the word isomorphism
applies when two complex structures can be mapped onto each other in a
ways that to each part of one structure there's a corresponding part in the
other structure. Where corresponding means that the two parts play
similar roles in the respective structures. This is how we're going to
always use the term isomorphism in this class. If you're taking the
abstract algebra class, it's going to mean something a lot more specific
and you're going to have a lot more details.

03, fR—AEBR—TTAIIE] MEt) XTEERTEMIER: ™
PNERGHWZERINERERE, EFE—TEMNE—SoES— 1T EH
HE-THNOED. T Wi SRR, XMTEDESBENGHEH
MERMERLNAE, 1B, XMERNX TRELEZRER TFE) X
TMANA N, ARFELHSAEIITR, ENEXZRFES, REZ
[l ER TR E

o5 3 MSAMR - E 10 T
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10:11

You might actually think of these as kind of a what I'll say, but don't worry
about worry about it, is a homomorphism. And the idea with a
homomorphism is that there are a lot more details here than there are
here. and you're For example, there's no steering well. There's a steering
well in a car, but there's no steering well specifically in a skateboard. So,
if you were to go if you were to create a map from the car to the
skateboard, that detail would have to go somewhere else. But, don't worry
about that those necessities. But, when | say the term isomorphism, think

of equals. And then I'll often use that symbol right there.

1R, MEIAMEXLEERE —M—EXAN, BREINLEE—IF
S (homomorphism) , EEHIEER, X—INATELLR—BZEZE,
1R, tbamii, BiREHEREAOE., SEEERFQE, B8REHEEER
A EE. A, NRFREBMESEBRSRBRE, X MATHESHE
ARt AEE, 1B, PEENEXLENERM, ik EE° X ME, /R
MIEERR‘EFT". ARREESHAAUXITHSRKERTE,

05 @3, ERIRS SR

10:55
So, this is going to be really important because it's going to be how we're
going to get meaning out of things. And you'll see it a lot coming up over
the book. But, first | want to hop on and talk about recursion. Recursion is
basically it's seen everywhere but it's kind of a list of instructions which
you follow, but then repeat until you've reached kind of a final case. So,
suppose you were you're cooking and you had a you have a recursive
algorithm for stirring eggs and that would be whirl and then whirl again
and keep whirling until essentially everything looks mixed up. That's a very
loose way of understanding it, but another way which you all are probably
familiar with a much more rigorous in term of mathematics is the

Fibonacci sequence.

FIMX—RIERER, AEARNEREERMSBYPRRNEX. MH, &
THREABEBEMZZERIE, AT, HEKLDR-T, FKkEA,
BAHSLR G EERE], 1B, EEXR LR —HIREREIITHES, A
FEAUEE, BRFARMRLBI L, bk, RIIREMR, 78
—THRENREEE, BMEN—B, AEER—B, —BERZIELS LR
BAROEERPESHIINLE. X2—MREMERLN, BEXEER—
MIRMIABIERAL . EHZ EMESSZNEF, MEERIRLNT,

75 3E B R
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[E7 (homomorphism) 2
HIEM: AFERRMETHNZE—
BRET, SENHRETER L%
BN, & RERRS,

homomorphism / hosmoa

‘mo:rfizom/ n.
B (RIFERATRISEIR
5%)

BRI ER: UBESEXE
B+ARIERN (BH). HER
BRIFIEE)T, ERPREEXE
B3,

recursion /r1'ks:r3on/ n.

B3 (MBSEXBSHERE)

whirl /ws:rl/ v.

fie¥E, 15D

MIAAEE - B 11 ;L
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11:50
This is where you start with two numbers one and one and then you
construct the next number by summing the previous two. So, you have
that and you have three and you have five and you have eight and so on.
And you can create what's called a recursive definition where you define
the nth Fibonacci number.

ESMETEF 1711 FiR, RAEERIFTBEMNREET— T8, T2
REBRAITIXY, REE 3, RAEE 5, ARSI 8, MKULZEH, RATUAE!
EMMBANIEATENX, WIEENXE n MERKAZEEN,

12:20

This is for n greater than or equal to two. And here you define the thing in
terms of itself. And this is a classic example of recursion. What it is really
itself on a smaller level. | think one of the most exciting applications of
recursion are fractals because the way we create fractals is through
recursion. So,_lnd_o_ﬁ_‘i_know if you all have seen this, but the Sierpinski
triangle or the Sierpinski gasket is kind of a classic fractal. Here you

divide a triangle up into three and then you just repeat the process for

infinitely number of an infinite number of times on each remaining triangle.

XE n BEXTHEFT 2. #XE, MAXTRABSKEXE. X2E)T
BN—12e4l ., EXRLIMEER AR /IWIR LNEF, BRGE)T
EAMALNNAZ —MESH, BRAFENEISESTEZNANERRTE
3. FREMNBRBEAIXT, HWREHFE=AK, LBWGREHE
BR, BE—ITREHNDE. ME—T=BEDR=T, AEXIHF T
B =AELRAEEXTEE.

=
i
=32
b

ERAEEFI (1,1,2,3,5,8...) H
EEFERITI BN Z F12024F (itHE
Z8B) SINAER, [ZHUEE
Mt S BAMEKH,

WREHRE=ZARAK=HFRHE
MEHTEI9GER Y REIZE
hMEI=fE, BREEMUSTHNE
S5+

fractals /' frektlz/ n.

2 (BEFIA D BB EMNE
H/)

gasket /' gaskit/ n.
# K (Sierpinski gasket /R
EHERR/=/A)

MIAREIE - B 12 W
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13:06
And you create these very beautiful kind of mosaic forms. But the nice
thing about mathematics is that we can be \_/-e_fil_&écise and do things
which we can't do in the real world and that's repeat this infinitely and so
on. just for a quick digression and | really don't want to spend too much
time on it cuz Karen will do more. why is it called a fractal? Does anyone
know? | think it's like a fragment of something. Sure. that it was a term

coined by Benoit Mandelbrot in 1977, | believe. It actually refers to its

concept for most of you, but we like to think we live in one, two, or three,
or four dimensions.

TRMMEE T RXEFEERN. EREDSERNER. EHENIDLH
£F, HANTTUIEEER, TA— LI THABHAENENE, bwie
T ERLREETEFE. B, HHENE, BENATREXLEEX
ZitiE, AR Karen RHEEZ., B, AHAEIUDHE (fractal) E? B
AFEE? ARBEGRENRANER. i, B, ITEEAE 2
BEI1977FERER, RiLEE. EETENIRENER, H#E., FIAXST
RMARZEAKIZ e MRS, BERMNIANBSEETE—
e, "4, —HSENETHE,

13:54

All integers, right? But my claim is that the Sierpinski gasket actually lives

in between one and two dimensions. It lives in like 1.63 something
dimensions. but I'm going to help you kind of think about that. And if you
if you want to hop along to a page nine, kind of got a recipe for helping
you think about dimension. You know what? It's weird because only
mathematicians would ever worry about rigorously understanding the

concept of what a dimension means. So, here's one way to think about it.

17, IR, ME? ERFRNZE, WREHE=-AHEILE—HEM_
H#2E, EFETANILEIVLENTEE, B, TIREHEARERX—
Mmoo MRIRMVEIRERZIENTT, BEBTHE, AINBREZHEX M
E, (RAENL, XEFEN, HARBHRERTEBROSHIEREEE
ARZEHLER. Ba, XEFMEEH,

75 3E B R
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fractal—lAHHAF RESEFANE
(1975%, JRBEHI T i&fractus
TRERRAOL), IRLEERT D EN
BELER,

mosaic /mow 'zenk/ n.

D&, BRER

digression /dar'grefn/ n.
B, MRS

coined /komd/ v.
BliE (§18); coin a term i&E—

PARIE

mind-bending /'maind bendiy/
adj.
JRANAY, < AZRARAY

DR R AR R E RO
HETDZER, WREHE=
FL91.5854, T4 (—4#) 5
| (Z4) ZiE.

MEAKEIE - F 13 I
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14:30

If you take a line and you double it, you have two copies of the line that
you started with. This guy's here and there. If you have a square and you
double the sides of the square, you have four copies of the original
square. Similarly, and I'm not going to try to draw this cuz it will get too
complicated way too fast. If you take a cube and you double each of the
sides,

RIRI—FEER, EENSE, MBI T MNFERNLR, X—MHEX
)L, B—MERIL. WRIFB—TIELR, EEHDTRILRNG, RHF
2T P RRAES R, BiFth, BMAET, EARRMZZSKE
o WRIRE—TILAE, EEFDENE,

15:08

You get, if you think about it, eight copies of the original cube. So, if
you're perceptive enough, you might kind of realize this action of powers
going onhereSo, here we had after our doubling process two copies. We
had two to the one. Here after our doubling process we had two to the
two. After our doubling process here, we had two to the three. Eight. So,
this is weird because notice that the cube lives in three dimensions. And

the square lives in two dimensions. And the line lives in one dimension.

RI88E, MFE/ DERRNILGIER, A, WRIREZENER, AI6E

ARRIXBHIU T BXNNE, &, XEZINEZEHNSEIAHD,
2R . REZIMEZEBAVEEI2HN2R7 . MXELIMNELZ
&, BASEI23XT5. /\. BMEFYLT, BRNER, IHREFET=4
ZEF, EARFET _HZER., ZREET—4HZEH.

75 3E B R

A ThfEESRNAEIL EX
HE: BRR2fy. IEARAD. I
HiRsty, B2 DM, X2 M8
R NEMARA

perceptive /por'septiv/ adj.

BIERAY, WERI5RAY
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So, this might suggest to you well the relationship that two to the D,
where D is the dimension of the space you're living in, equals the number
of copies you have after the doubling process. So, let's return to our
friend the Sierpinski gasket. If we start here and we imagine doubling
each of the sides of the Sierpinski gasket here and here, we're very
strangely led to the conclusion that whatever dimension the Sierpinski
gasket lives in, it obeys this rule. So, take the logarithm and D times Sorry,

this is getting crowded.

FRIAXATRE R ILRBEIXHE— KR 209DRT5, HADHMZIRATL=E
ROLEEN, STIEZEMREFANME. B4, HMNEZIFENNZARIGHR
REE=A., MRFBNMZXEFE, REBIEHRERE=ANERIOEM
&, BB, TEXE, BIMEESIA—TERITENSL: TICHRE
HEZATFETIHEZEFR, EEREXFAN, X, B, &/E D %
... 8%, XBEEBGERHFT,

06 1FIE=RE: MNZBAFT =

16:49
Take the logarithm on both sides and solve for D, you'll see that the
dimension of the Sierpinski gasket is log three over log two, which is
approximately 1.585 on to infinity. So, here's an exact example of
something which lives somewhere between one and two dimensions. And |
think that's a really cool concept. Moving on for other tools for thinking,
we have paradoxes. paradoxes come in all sorts of different flavors. | don't
know if some of you have heard of the birthday paradox where it's the
idea of okay, what's the probability that someone else in the room has
your same birthday?

MBS, fEL D, (REBFIHRERE=ARNHEZE log 3 FRIX
log 2, R¥FT 1.585, EEAERBLS Z1I. A, XME—TEHEIE
¥, ETRAENGEEN T —HN_H2E, BREGXETIFEERE,
I, ETRAARMNBLETR, HNBEFL. B, 1FICHSMHEFE
B, FERMNEFEREARRIERFE, ENEER, i, EEE
BAR =T AMRR—REBBRRESZD?

75 3E B R
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BREREZAUKNEER1ES
p3Em, #2 D=3, &5
D=log3/log2~1.585, 2%k
— 920 ZBRHLmmE.

logarithm /'lo:goridem/ n.

XSEL

A HIFCE TEXHIFL): 23A
EEFREFEBEERANEED
#850%, 40A#B89%. HutE(h
EERAARE THIKEEH) ™
3F MEEMAL.
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17:31 BHEFREE (
Everybody thinks it's really small, but if you actually work out the 1962) EIFILH =K BHIM

mathematics, turns out you actually have a good chance. If you're in a (GEREREN) . BRI (&
BEIR) . 25Kk (HENEHE

V.0. Quine,

room with over 40 people, you have an extremely high chance of finding

someone else with your same birthday. so I've actually listed out this is T

kind gc_)_qﬂ_e_s_y__qf Wikipedia and Mr. Quine. we have sort of three variants e el 1k

of a Oops. We have three variants of paradoxes. this is a y_qi_gl_ig:_e_ll_. And ESTH, SESIEM

these are things which are true, but they seem paradoxical at first. (veridical paradox ESC|%
i)

AREHSBXMERIES/), ENRGENEHSE R, e RTEE
HSTRYA, MRERE—BT 40 ANEEE, (REHREMIRELE— courtesy of phr.
MURE—FEBIA, 1B, FNKESST—F, RERSHE TR ;?ﬁﬁ%*a~@*ﬁﬁ
MRS, 18, Bl IARE SRS, .. 0, 318 =R RiE

it 18, X—FhE TESMIEE) (veridical), XEERESLRITAIRA,

18, BE—BENSERTE.

18:20 2% (AroEIbtELE, BRI
There's falsidical. And I'll give an example of each of these. And then kind k) BIZ21FE: BIREREI
of the classic, the one which we are going to be interested in and these ET—F, TREDUTEE

are real paradoxes, our antinomies. To give an example of another classic B A5

aradox and one which is visited in Godel, Escher, Bach v rly on. It'
P and one ch is visited in Godel, Escher, Bach very early o S falsidical /f>:1'sidikl/ adj.

called Zeno's paradox and the idea is if | want to get from here to my BiM (BeE. REEEE
laptop, | first need to walk halfway across the distance. And then if | want 2H01ER)

to walk the remaining distance, | need to walk half of that.
antinomies /a&n'tmomiz/ n.
B, B8 NBIRMIFIL) (falsidical), HEBEB—MENMIF. RAEEH —EER, ELNEEEL
M2, BEERMEN—X, XEFZHIENFE, W TZE5

1 (antinomies) , BE—TZHIFICHFIF, XMFIEE (FER. &

2R, Bif) EREMERET. EUZEFL, ENREAR, WREKE
MEXEERFRIZICABRAIL, HELGECTXREBN—F. ABW

RPEEETR RS, HEEEN—F,
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19:05

If I want to walk the remaining distance, | need to walk half of that. And
then half of that, half of that. And eventually | get stuck in this infinite loop
where it seems like I'm not getting to my laptop. A variant of this paradox
is the idea that if | even want to move at all, if my atoms want to pass in
space, first they have to go halfway. But before | can go halfway, it's got
to go halfway of that half, and halfway of that half, and that half of that
half. So Zeno, back in Greece, actually used this to prove that motion was
impossible, and that any motion we saw in the universe was an illusion.

IRBBETR THER, AXBEEN—F, RAEE—F, B—*F. &
KRBEENT X LRER, BERBKTEARTHNZCABRMAB/L, X
MECH— N EFZXFNRE: IRBEERSMPE—RR, WREHN
RFEBREZEFER, EfELGEET—F. BAERET—FZH, &
BRER—FN—F, BEB—FN—F, EFB—FN—F. AUEH
RERZIEETARX T RICIEEHE N AT RER, BIEFEPEINEDE
&R —M4I%

19:43 ZIEFICE IR D IR RIEIC A
So, it's weird. Why? and nobody really could answer Zeno for the longest AT ARNAE: TS ZBRZM
time. But then it took essentially the development of the understanding of FIARBIRE (1/2+41/4+...=1),

8y s M S
limits in calculus to really get an idea of why this wasn't paradoxical, what B TRSEEE

rigorously did we mean by an infinite number of steps, what how could we . ,
paradoxical / para'da:ksikl/

actually get to the cross across the room? It seemed paradoxical, but we ad).

knew it had to be true. We knew motion had to be possible. I'm sure when EEFER, e
you're all were younger, or even now, you've seen all sorts of kind of false

ethical paradoxes where somebody will write out a string of if you take 1 +

you take 1 -1+ 1 - 1 dot, and the person convinces you, well look, if you

look in groups of this, these are all zeros, so if you just add a bunch of

zeros together, it's not necessarily zero.

FINIXREF IR, ATAR? 1B, MARK—ERNEEKARNEREZ
%, BERER EREMRD FIRRMSHERE, 7TEELABRXfT
LAZEIFR: BNRESSTHR, FHEEAIRZHTLAER? BNRE
BATREERIBENS—XIE? EFEKRKEGIFIE, BHRNAMECLERK
M, BAEGH—ERAEEN, 1B, BREMRIVNE, BEEWE, B
BRI EMERFEROCIEIFIE, BAREH—&HAF, LM 1+..... fIREX
1T—=1+1-1, FFFEF, REBTARRMR: RE, NRIRXFESHER
&, B, XEEHEF, BAEHETNE—E, GFRT—E=RZ.

95 3K B MAEE - %17 R
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20:41 1—1+1—1...EGrandifk#, &R
But | mean this is an infinite string, right? And we can repeat the pattern. BoER M151 0301, BiRET

; ; ; NERBEBEREEE— 1B
what happens if we add a one? Right? So suddenly we get these weird

IRMES) pyERAY
conclusions where 0 = 1, and they're usually built on kind of doing IRIEEIE) FARL,

something illegal involving infinities. And infinity is going to be a very
important concept that we'll encounter again and again. Finally, the
antinomy. These are the important paradoxes to think about. | once went
out to dinner with a bunch of mathematicians. | don't know how | ended
up in that, but let me tell you it was kind of frightening. and there was this
Korean mathematician who said well you know what? Like most of these
questions don't even matter. We don't We don't understand some of the
most fundamental things. And the thing he was most interested in and |
think what bothers mathematicians the most is the antinomy of the of the
liar and Russell's paradox.

BENERE, XETLFNE, MIE? MERINATUEEXTMER,
12, MRBZNTILE—D 1 2EBAHE? HIE? FRRABBEIIERLETZ
BU45IE, tEgl 0 =1, MENEEHEILENTS M T EMIBEREZ L,
MASHZE—TEBEZNORS, BN RN —XMBEE. &fE,
=_@#ER (antinomy), XEFZHIEEFBEENEEFIE, HE X
M—BEZER—BEEIZRR, BANEECEASEEIILERN, EXRS
FIR, BREREITAR, 13, SRNAUSENFERR, (RAENDE? HLiXLe
EREASHREAEE, HMNE-LEREMNRARDIRIE. mibm
HBHNRA, RRGUEREMBERNAA, MEREEN _EERM
TRIFIE,

J5 3E B R MITFEE - B 18 |
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So, the liar's paradox you probably have heard before. And it starts It's
based on actually a biblical reference, but it essentially says this sentence
is not true. So is it true or is it not true? Well, if it's true then it says of
itself that it's not true. So, it's true implies not true. Contradiction. So, if
it's not true, then we know that we believe in the law of the excluded

implies true.

I3, RREFFSMRNARBINZE. ENERELELEE (E2) EN—
g, BERRLMER XTEAZEN. BAEREN, T2TEER
BE? MREZER, BAEBCHECTEERN. X, BHELETE,
FE. BLAAUREFTZER, BHENAMERKNBEHTE, EMIREY
WRBELEBELTRE, ENSENE. i), IREFZEN, PG
EMERN, I, FEH#ELE,

22:36
So we're stuck. The liar paradox still hounds us today. Unlike Zeno's

paradox it hasn't been solved. We still don't know how to deal with it. And
when we talk about Godel's theorem the way he proves his result is
actually going to be intimately linked with a on this. So, instead of saying

I'm not true, it's going to say I'm not provable. And that's going to be a
very interesting idea, and we'll explore that a little bit later. The other
antinomy | want to look at is Russell's paradox, also known as the barber's
paradox, and that's how I'm going to tell it.

FRAZARET . WIRBFIFRESDUESRA]. RZBFETF—H,
ERBRBR, BAMNARNBIXEALEE, MARIMNKEIFRREE
i, MIEBRXTERAN, HTRXTEZVER. RXTETE
Ko i, EFRRR'BEAREN", MERR KEFATIERN", X52—
TEERERENEE, HNHEREHEMETH—#, HEENZ—T 12
BREFZRFIE, BIWERIMIFE, FITEMBERIIXTIRAERMA.

23:21

It's the barber's paradox. | think it's a little more friendly.

MEERINFE., HRBEWHFEI—~.

75 3E B R

B RFHLAEIER - ASK THE BEST MINDS

WIREIFCAME (RE RS
) SIBNRERA REFA
iRl . HiRE GEREMR) =
P BRI R BERIE,

negation /n1'gerfn/ n.

BE (BEAIE)

law of the excluded middle
phr.

HiRpE (dEEEMR, kFHE=
FHETEE)

ERRBRE: FERE X9
EARE) BUER NXEIERANHE
BH1, Mm&EFFiFie. SRS
MEE—HES AR AR X

ZN\
7Jo

hounds /hasndz/ v.
g, FEASHEL

intimately /' mtimatli/ adv.
Z0i (intimately linked &%
KEX)
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So, you have a town, and there's this male barber, and he abides by the

rule that he shaves all people and only people who don't shave
themselves. So, what does the barber do when his beard is getting as
thick as mine? Does he shave himself, or does he not? Well, let's see. So,
by definition, the barber only shaves those people who don't shave
themselves. So, if he shaves himself, then he doesn't. And if he doesn't
shave himself, then by definition, he must shave himself. A variant of this
which is which was coined by both Bertrand Russell, Cambridge
mathematician and philosopher, and Zermelo, great German logician, is
the idea that you can consider the set, let's call it omega, which contains
all sets that aren't members of themselves.

RigE—V/VE, HEE(ISERIN, thETXE—FIM: fhiara
NABCERFRAGIERF, MERGXEAE, MoECHHATFHIA.
Bo, HERIMBFRERBOXAREN, thiEADIE? theESE
HF, BEANE? BAREE. BEX, BRMRAGHBERLECEIEAF
BIARIERF. FRDA, ARG ECEEAF, Bt xLECEH. MR
i RG B CERF, BAREX, fivILECE . ITMFRE—1T%X
K, BHUMHEZERTNEZRER =R, URHERNEBEZEZRRKE
BOARLN, ERBER: (RAINZERIFE—TES, BIHEEIUME
omega, EREMENTZEEIMANSES.

24:52

So, remember a set is just a collection of objects. And the mathematicians

really believed that set theory was going to be what gave mathematics its
ultimate sure and logical foundation. So, let's give an example of a set
which contains itself. So, let's think of the set of all things which aren't
Joan of Arc. Well, sets aren't people. | mean, they're people, not sets. so,
that set of all things which aren't Joan of Arc includes itself because a set
can never be a person. So, that set is contained in itself.

icfE, SEME—ENRIVLE. MAERNENBE, ESLEI I
FRHURLKN., IRNZEEM, SEEM. BRINRE-TESESN
SANGF. BNRBR AMETERRUENRA"MANES. 1B, &£
BREA. B2, ABA, F2FE. ik, BTHABIEZLIR
NERAMANSEEERERS, RAKSXKEANTERE—TA. FAUBT
SEESEEBEEZH,

75 3E B R

ZRIO0IFERIMIZIFIEHEET
B8, SHETHEESIE: HiE
BERRILARN, BRIMRAZ
HEfaRR,

abides by phr. v.
B, & (W)

1M LEREEENNG (FE
1B, FR) HEEEHHFEE
TERIL518E, TRIFICEE
318 TE=IREFE BN,
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25:29 omegaTRETEE, M1 AME
So, we have a bunch of things in here which are sets which aren't HSErE, SERMFICEN
members of themselves. And then we ask the question, is omega an FEEEM—XIER ) T

J—REATRE.
element of itself? And this means is in well, if omega contains itself, but RES—REamiE

omega by definition only contains things which don't contain themselves,
so it can't contain itself. Well, if it can't contain itself, it doesn't contain
itself, and that means it should contain itself. Contradiction. this really,
really bothered a lot of mathematicians for a long time.

AT, BMREEE—HERA, ENETETESRANES. AEHA)
REXNEE: BKIREECSHTRE? iR, BRMESETE
BS. 1B, #4, ARECKMESEECS, BEKMZEXRABEZI LR
BEBESNKRA, FINEARAREEEE8CS. 84, WRETEESEC,
EMAESES, MXXBEHFREENZEESEC. FE. B, X7 E&EE
RR—ENEZEEN. BENRANERSHEFER,

07 KFHBERSERRS

26:16 BRIERIERSLEIAES B AR —
And it's an exact variant on the barber's paradox. So, this is a kind of an —HR: RBBEARNZT. PIE
interesting thing is to play around with. Finally is the concept of infinity. | 77 (BH) SAAHES (X

. . . ) SRERHFAE,
can't really talk too much about it. We're going to look at it more, but | B) REEFHRS

want to introduce you guys to the idea that there are multiple types of
infinity. So, you have the integers, and you also have the real numbers.

variant /'veriont/ n.

LK, M
And it is true that you cannot create a direct link. You can't match every

real number, like 0.333333 Well, 0.35 something random. Pi. Let's just
pick pi. You can't put pi directly in connection with a natural number, an
integer.

17, MEEEIMEERINFEHN—THBRER, N, XZ2TEREER
BUARPE, FIAERBERE. RERLHIME. BIREHERN.
MNZEFESMITILE, BRBELARNE—TRE: THESZME
B, LBUMRERE, AL, MBXRE, MKERL—MEZXY
Rz, fRRINEIEES—SEERERICEC £, b4 0.333333, M, 0.35 ZKf#
EaE. BEE n, HMZE n KRB, MKVEE n BEERNETER
] EPEEINHER,
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And this is kind of famous Cantor's diagonalization argument. So,

somehow there are different degrees of infinity, and the real numbers is a
higher degree of infinity. So, that's an important thing to think about. Now
we're going to jump ahead to our last tool for thinking, and this is going to
be the reason why we ignore the first three chapters of Gédel, Escher,
Bach. And it's the idea of a formal system. Problem is these formal
systems are boring. and Douglas Hofstadter takes his sweet, sweet time

in introducing you to the concept of a of a formal system.

13, SMEZRNERIERNABLICIE. A, TFANEAME T AEN
FR, MEBRESFLNTS. N, X2—HESEZENEESE,
HAERMNEFIRISE—TELETER, XUERHINHT (FERR. &
2R, Ef) iI=ENRE. IMERARRNES, DBETXERX
RGVRIW. 1B, mEESAS- FREAERFENBELREX TSR
AL, 1858,

08 MURRE: 553k

27:47

So I'm going to try to speed things up because | know you all are smarter
than that, and you can get through these concepts very quickly. we're
going to play a game. It's called the MU puzzle, M U. and the way you play
it is you start with you have a bag of three letters. And you're going to
have a rule. You're going to start with you pull two letters out and you get
MI. And we have we're going to have four rules, and these are completely
strict typographical rules for thinking about for deriving new things that

we can pull from our bag.

I8, PAAFFITEMNRRTZE, EABAERIEEAERR, RITRIMARR
WERXERE, 1B, FNRRDHER. B MU 28, M-U, 18, JuE
BN —FHRIFE— T RE=NFENRSF. REHREE—FIN,
R—TFHaMRFERERTFE, 528 M, BNSBEMEFHAN, XELEHZ
SEEFASRUHEARAIN, AREBENE, ARESLIENEMNRTFERLAH
LR

75 3E B R
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WRLICIE (BEIE/R, 1891): &
REHILEEIH, WIE—E
Enfil 5 BEn MR ERIFEERNE
FiE. SERIERHLETNA
&I¥I5,

diagonalization /dar &gonalo
‘zetfn/ n.

NA%E (BRIERIERIHAT
BHE)

takes his sweet, sweet time
phr.

IE&KETIE, RERNEMY (B8
AT R R)

MUIRRE 2 GEBSE —ERIZ0 2

B: MURKRB=1"FE. —&
NEMI, TEHN, ARibEE
K36 TERZRNBZE ],

typographical / taipa’graefikl/
adj.

HERR LAY EAME RIS RG-S
R ABE XY
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tack /tak/ v.

Our first rule is that if we have an |, so suppose we have Ml or we could BN (tack on ZERENLE)
have anything and then an I, we can tack a U on. So, IU. So, right away we

know that we can create M | U. Our second rule is suppose we have M
and then a string of letters that are I's and U's since they're in our bag of
alphabet or alphabet here, then you're going to get for free MXX. So, just
as an example, suppose somehow you had M |, which we do. you're going
to get Ml for free. Third rule. Suppose you have somewhere along the way
you end up with a cluster of three I's.

08, FANBE-FAMNZ: MRBAAVE— 1, LLWRFATE MI, HER
HEHIRA, AREEE—1 |, BAIMEINEREMNL—" U, ATUH
TR U, FRABAID ERANE, FHATILAEL M 1T U, HA1895E Z A0
2 RENE M, EERE—£H | U BENFE, BAENMERK
MNONFER, B RXENFERE, BERMAINURERSE MXX, Baz
MF, RIFFLEE M, BAIREE. 1B, BIRMRESET M, 53
=FAN, RIRIRERTTEAFE T EE—ZH=1T1.

29:51
They don't have to be at the end, they can be anywhere. Just needs to be
three I's all together. And you can replace all three of those I's, they're
equal to a U. So,

EMNA—EEERE, IMEEAUE, REZ=1 | EE—EMT. &
RIRAIBMER =1 | 280 &#E, ENFNT— U, 34,

J5 3E B R MIRFEIE - B 23 |
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And our final rule is that if we have a double pair of U's, we can drop them

and they just go away. So, somehow if we had M U, we could just have M.
Now, you have these rules, you have these letters, you start with one guy.
He's going to be our axiom. An axiom is a starting point for reasoning, for

applying these rules. The game is, can you get MU? Starting from Ml and
then using only these four rules, can you get MU? | will give $20 to the
first person who can derive MU that's in this room. Only applying these

four rules and starting directly from MI.

BSE—FHNZ: MRBNBEZMRD U, MEUEENEE, B
BiHKR, A, WRBAITEARTET MU U, BEANAAIUERS
M, ME, RETXERN, B7TXEFE, MA—TERFR. EF
EEMNNAE, NEMEBHENER, ENAXERNNEER. XM
2 REEREI MU 13?2 M MI 78, RERXMFEHN, {ReEFEI MU
13?7 XPEEEE—TEEHSE MU BIA, i 20 £, REENAX
POEAN, mELFEZRM Ml &,

31:14

Just to give you an idea of where you might be going, where you might be
playing, just going off of our rules, we already saw that if we had MI, we
can get MIU. We also saw that using rule two, this is using rule one, we
can get M Il. We saw if we have anything like that, we can repeat it twice,
so we can get MIUIU. That's applying rule two again. and so on. Leave this
Leave this as a puzzle. Take your time with it. You'll be working on it for a
few hours. But first person that's in this room derive MU from this gets
$20.

NIRRT ERIAEB N A RE. AIEA, 1B, MRS

Nk, BANELER, MRE MI, FEEFE MU, FA1EER], BRI
T —XEANEAN——ATRTAEE ML, FE11ER, MREEMX
HERE, MAMEEEEME, TEEFE MUV, XEFB—RNABH

W=, 08, DAtESEH#E., MIEXPTHEFE—EREE, 218k, RAgEERL

NUNREFEE, BXMEEEE—TMXE#HSE MU KA, EZEE
20 %7,

75 3E B R
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NE=HENER, 20ETRR

HIBLZE: MURAISE—IN
THESETEE (WipR1, M

MR BEENMEEUM3), KIZAEIHE

A0,

axiom /'aksiom/ n.

NI, IR R

derive /di'rarv/ v.

MUEHNNG: REIBIU; M
HIRERIRENGE; = NEEIRAL
Us TEZURMZE, AL
MIU, MIl, MIUIU, {EEREH
MU,
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Yes. Fourth rule only applies to you? Yes, fourth rule only applies to two
Us. So, yes, if you have two Us, you can remove them. You can subtract
them. All right. And once again, | do urge everyone to buy the book. these
rules are listed explicitly in the chapter. and you might get gain some
insight on how to derive what you want here.

=M, FAFHNRERT U B? 219, BNEFMUNRERTHDT U, A
M), B8, MREFEERT U, FIMELUBENEE., (RAILMEE(TEIR,

T, BiR—R, BRLEINBWAREIZAS, B, XERMMER—
SEREPREMIIL, 18, MEMRAEESMNPIRE—LEER, BEZEAK

_J'II:I:|I1/J\/L,\EE’J§EI:%
32:38 KRR MU S P2
So, why is this interesting? | mean, it's a it's we're just playing with letters FEAMAEMN EEELERE
and strings and things like that. Well, although this seems pretty —EE—RFREASHEH

lESDiessy
meaningless and kind of dumb, does anybody feel like when they're just PR 75

looking at this game and looking at these rules that they're just essentially
playing around with algebra that they learned, you know, in middle school
or high school? That really what we're doing here is we've got some
statements like 2 + 2 = 4, and we all learned that we have a typographical
rule, for when we have an equal sign like that, we can add one to both
sides and preserve equality. So, something we have 2 + 3 = 5.

B, ﬁ{ﬁ'/éx’ﬁuuﬂ)ﬂ'? BRiR, B THRERFENFREZEN
REANIG, 1B, SAXEERBIZEEN, BEEERE, B, BHEEA
g, SR E%L X, BEXLEMMEHMER, RARLEMIERMRE
VP ESFEINRE? BIEXEMNEE, EIMEE —LHR,
EEdn 2 + 2 = 4, MEMNBMEI—KHARAN, 12, MEEHENERXE—]
LEMN, BNIUERLRRNLE 1, FRRESEXMIL. FEHNHME
BT 2+3=5,
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33:33 FESCMIBESR ) ARG

So, really what mathematics reduces to is just playing around with B EXRGREREFS, B

systems of this form and applying these rigorous kind of typographical XREHANERSSHRZER
IAEINIBREY

rules. Except here there's doesn't seem to be any meaning. It's just
meaningless. One of the important questions we're going to address in
this class is how do things gain meaning? How do we go from A, Bk
meaningless to meaning? this obviously seems to have meaning, but |

want you to ask yourself why. kind of before we proceed, it's necessary,

it's my duty, to do the boring task of writing down | just a few definitions

of things which you can call these. So, you have words. So, we already

saw axiom.

AT, MPIRGREIMEAZFIMEZNNARS, FENAXLEHE
BUHERRTVELI . AT AERXBUFRBEMTEN. EMELE X, ]
XNTRERTN—TEEREME, SWEAMRFEXET? (120G M
EERXEBMREX? B, X1 (F) ERBEXZEEEXN, BRFE
RMIEEES, Rfta. B, ERMNGLEZ, BHE—XEHMERT
—W—HTWHNE, MEST, B, —EXTXERANEX, M
RATAIVEARRIFEA], I, B—EARE. BT ELRIAET .,

34:18
That's definition. You call any of these guys a string. So, so a string is just
any ordered sequence of in this case M's and U's.

PBMBEX . REFRABEL—MRET A TFrFEH1. AR, F5
SMEER—THEFNFEY, EXTEFEMIHE M M U AR,

75 3E B R

reduces to phr. v.
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34:48

We already met an axiom. An axiom is a starting point. It's your first thing
that you can apply the rules to. So, and this has actually has a lot to do
with mathematical logic because in math logic, the idea is that we start
from really primitive things which seem obvious like the successor of zero

is one. and then we work from that concept and we derive all these truths
of number theory and mathematics. here your axiom is Ml and you're
trying to prove the theorem and that's kind of our next guy here. we're
trying to prove the theorem of MU.

HMNERZINRTAE, RER—TER. ERMREEBENAMNAE—
MR, A, XEINECEZEERAXR, ANELESEE, B
ERNMELERGHN., FEXEMZANERALEL, LATHNERE—.
I, AREMNMXTHESE R, HSHECHRZHNMAXLERE,

13, EXEMOAEZE MIFEEIERXTER, XA REGHINETRE
HWHT—T=R. 18, FMNAERIR MU XPNEE,

35:38

So, a theorem is basically a string which results at the end of a derivation.

FMBERE, EX LR —SERSERINFEINFNS,

36:00
And a derivation is like a proof. For those of you who have done
geometry, when you're saying, "Okay, well, this triangle is congruent to

this triangle because of side angle side and things like that." Those are

you're deriving you're making rigorous justifications for your leaps in logic.

So, here our rigorous justification that MIU was a theorem was that, well,
we applied typographical rule number one. That's a rigorous leap in logic
and we got to this theorem. And you can just call these four rules here
these are rules of inference.

MESMEZILA, NTEI/VANEZERR, SRR, IT=BRH
Br=@eSE, ENLEB"ZEN, MEXMER. (REEHES, =F
FRZEE _ERIBKERLE 1 ARRVICIE. FRAERE, TR MIU 2 EHERY
IR E: BN T HE—FHMAN ., BPE—IRFH2A0EEHEER,
TRHENEE T XEEE, (RABUERXMFMNFREHEEAN,

75 3E B R

IENEHE— HERTER
1 (1889), MALCEIBIEIEZM
XEMEAEBH L, EREES
HENEHEE,

successor /sok'sesor/ n.
a4k, BE4ER (RIEEARN

i)

derivation / dera'veifn/ n.

WS, #WSIRE (FEULIER)

#S (derivation) = ILAIIE
BR: S—TEREIEMN A8 A
i, EW/\EiERss|AE Mas
hy EE,

congruent /'ka:ngruant/ adj.

2FHN (JUEARIE)

rules of inference phr.

FEIRALI
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36:45

And logic and a lot of things that you'll play around with, you know,
eventually on SATs and things like that, are, you know, if you have if you
have the statement that P implies a statement Q. So, if it's cloudy, then it
will rain. You have you have that this is kind of equivalent to | should use a
different arrow here. To not Q implies not P. and these are really nice
because they're just typographical rules. When you see something, like
when you have well, I've got M followed by any string of letters, well, then
| can double it. That's a rule of inference. Just like this is a rule of
inference. If | have P implies Q | can always replace that.

24, URRZMUESEMBIARA, bR, ¥KE SAT ZErIATE
BRI, M2, WRIFERFE—TR: P, P BEMKA Q. bk,
MRRZRR, BLAMETR. MR, FEIFINT—HXEZA
H—MEk. FNMT: EQESIF P, 1B, XEMNIFEL, EANENLE
FEZHERRAN . SIRBERNENHRA, ik, HE—7 M EEHREEE—
BFE, BHEMANECEE. IME—FEEAN ., MEXFHIHE
MN—#+£: RBA PES Q, BREEAEEE RS,

09 HIHERKSTIEE

37:35
It's completely equivalent to not Q's implies not P. so But for those of you
who are scrambling away because you want $20 really fast, | want you to
take a breakcuzonce again, should focus on what we're what we're
saying right now. And we're going to talk a little bit about jumping outside
the system. And this is kind of the cool renegade stuff that Hofstadter fills

his book with. And it's the idea that as you're playing around with this,
you're right now you're just playing a game.

EREFNT"IE QEZIF P, B, TIXNTIREIEBEIRME 20 =
THEZ, BRZBENLH R, ENMRERNZEEERNIMEHNA
BL. B, EFRENEHBIMHRLERS. XMEEXEESEMRSE
EHMPMPRENBLRENRA. 1B, ZTRBENERGHHHEL R
5, XEERMENEMBEEFNIIMRENESRENFRA, X7
AR, SREEFILERANME, RINERBER—TFX.

75 3E B R
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P-QEMTF-Q—>-P (EEds

), ErrliZiEaR AR
Mz—. HEBILIRA: BE
EMNAR EHZ THEARAM,

TPk R SE) R GEBHIIREG I
B BRI — 28 T
WiR(E. HURAERS, MAE
FIEIRHAE R A T4,

renegade /'renigerd/ adj.
HER, BERER

scrambling /'skremblm/ v.

FICHIELHIEM, $16
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38:05 TTBZE (meta—thinking) : A~E

And what mathematicians and what anybody human does is when they RAEANMBAN, MmENRAE

feel like they're caught in loops, just cranking through pages of algebra PRECHIER, 20 TEEFMUS IR T

and they're not getting anywhere hurr_w_a-ﬁ-s"é-r-e"i_rﬁé-ll-i-g"e-nt enough to stop. ;ﬁt% —RIEEFTRANH
o

They exit the system and they say | don't know. | don't think this is going

to go anywhere or well, let me think about why I'm not getting or | how cranking through phr. v,
might | get MU? You know, maybe it has something to do with numbers of WA RS (SHETE)
I's and U's or things like that. I'm not sure. You start doing what | like to

call meta thinking.

MBFER. AREEA—TAMRMEEEE: SR8 2B TER,
——TU MRS ZETERN, AREBIHN, =ETE, i
IMBRERXNARS, RER: FHAAE, BREZFTETIEER: HE
W, BN AHEAE, HEREEFTERFRE MU? (RAE, 1
VXIR | M U BEAXZEN., HEAHE., MITBHMBEERIRZ
N'TRE"NEIE,

38:45

You're not thinking in the system applying typographical rules, applying
rules of inference to existing strings axioms and getting theorems. That's
thinking inside the system. That's just thinking. Meta thinking involves you
leaping outside the system and making judgments about it. Thoughts
which cannot be expressed as any just normal typographical rule within
the system. You're doing meta thinking. What my one of my favorite parts
of this of this section of in Gédel, Escher, Bach is when Hofstadter says,
and if once again, stop driving to drive MU, try to turn to page 24 in your
lecture notes.

RABRERZNEE BN AHRRFN ., EHEMNBEES
FRE. NEERBITE, BTREAAASBEES. BREZENE
Z, TREVNRILEMEIRRZI, IXPTARRRGIEHFIRT, XL
TER ARSI BRHRRANRAL K. XNFMEERTRZE,
BREXNBOZ2—, ME (FER. KER. Bfif) X—7HE, RitA
RAYARERIE—WNRIRX —RFETEES MU ROZEREIRE, 1B, BEIEIHNX
g 24T,
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39:34 RHEHEEERXRST BATSMRE
Oops. It's in my syllabus. Let me get that. No worries. Page 24. Hofstadter M. 36 (WEF) BANEST
kind of uses this as like a as a life lesson. He says, "Look, of course there RN, REDHMARE T8

R . . . . W1 RGEHIEFEY.
are cases when only a rare individual will have the vision to perceive a Ry REFHERR

system which governs many people's lives. A system which had never
Y 9 Y peop Y syllabus /'silabas/ n.

before even been recognized as a system. And such people often devote WA, IR

their lives to convincing other people that the system really is there and
that it ought to be exited from." So, that's if our social customs and our R s
kind of cultures are really just formal games. You know, we say hello, we ma =

shake your hand. That's an instance of a formal rule which we all follow.

0, EEBRNEAZANE, HH—T, 32, % 24 11, FHEEX—
RIABR—MAEZI, fiR: 1RE, SR, BEBRTRERDEATE
BIERYE, BERLE—TXEEFSAEENRL, —TURIMKREAIA
B"RF"NARE. IHENAFER—ERZRRIIA ZTRAWEIEFE,
MEBEMNRIZMPEELE. "IN, MRBAINHSIENXHETRE
—E R —— LA BT, BF, SMERIIMEERN—FT
XA EISEBI,

J5 3E B R MIRFEIE - B30 |
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40:21
But, you know, every once in a while you get somebody who says, "Ah, |
don't want to shake your hand. I'm going to exit the handshaking formal

system." But, of course, there are much more radical examples of this, like

| said Karl Marx and communism, you know, he viewed this idea of like
"Well, look, you've got these people who are collecting money and
property and you know, they're getting someone else to do all the work
and they're oppressing this whole class of people. Can't people recognize

the system?" So, then people like Karl Marx and Fred Engel like start
writing in pamphlets encouraging people to overthrow governments, etc.

Because they viewed a system and they said, "Look, we need to exit the
thinking system. We're intelligent beings, we can think on a higher level."
of course, I'm not trying to promote communism here. Just showing you
an example of historical interest.

BIREE, RHANMEBAR: "I, BARRMEF, BERLEFIT
RARE, "E, SR, TEEMHNGF, EAFRINF/R- SREM
HEEX, MNEEANE: 178, ARA—BHAESARSENMT, m
B NER BT FABRYE, EEEEX—ZTMREIA, EEAL]
BETHEXETRLAG? "TREFR BRB. BERESR BRINIHFNA
FaE/MF, BEIAMBEBBASES. BAIER T —1TRR, RS
W MRE, BNEHEXERERR. HNEBEEENTE, BTN E
ESNEELEE, "B, SR, BTREXEERHTEX, REHR]
E_THHEEXEF.

41:12
You know, anarchism, socialism today, working people's, the media.
Nowadays, | think it's one of the most popular things to people say for
people to say is like, "Well, you know, it's just the media trying to do this."
Before we used to never like just refer to this entity as the media. The
media is trying to obscure our understanding of this. The media is trying
to scare us. Also, )-/-(SJ-RH(-)-W, the government. The government's
responsible. Of course, a classic example is also what Karl Marx said, you

know, the church. They're the opiate of the masses, is what he said.

e, {REAE, BBLBUFEX. HEEX, FTHAR, ERHEE. MSHK
REAMIRERN—GIERE: "I, A8, XATEHRAERE LN
R, "BABIBEAIMBEARZIE TR S X A — T BAARIER . TYAEILE
BB XEBER, FEELEINRRA). B, fRBAF. 2
FIRSME. UE, SR, EF—TEHNFFEME TR BRER, (RA
B, #z. fiid, RAEARNBA.

75 3E B R
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SrRB5RKIMB48F kK (H
FRES). HELALA: R3]
EXERAEEFNRAHSEER
H, EHREEN TTBE],

oppressing /a'presiy/ V.
E&

pamphlets /'pamflots/ n.

IMEF, BUEEER

overthrow / owvar Orow/ v.

HE (BR)

IRHUEARNIEE HBESR

B ((ERREESH) 83)
(1843), LA AME THEIAR
Ry O

obscure /ab'skjor/ v.

Wik, EEH (L EnniE)

opiate /'ovpiat/ n.

BRF FEARKZY) (the
opiate of the masses A RIS
F)
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41:46
And also school. School's my favorite example of, you know, a system
which people have encouraged you to exit from. It's like, well, you know,
it's just a daycare that we have and we don't actually want kids to learn
and grow up. and this has inspired a lot of new free—thinking educational
movements, like the Montessoris and things like that. and | really want you
guys to think about in your daily actions, am | living perhaps in a in a kind
of formal system which is acting in a similar way?

EEER, FREBZERNOF, RAE, —PARBMIREBLFEN
R4, MGE, A8, EEXME T/, HNAFAENFEZFF
JHRA, 1B, SWHRTRSHMOEHBEHEEH, LURERIZ
K8, 1B, BENFZERMNEABTATEE: BEAZEEEFERM
MR A N BN RRE?

42:12
Try to do some meta—thinking, thinking on a higher level. and is it worth
being exiting that system? Hofstadter kind of classifies these three levels
of thinking. and he likes to call it a mechanical mode when you're doing
the normal games of the system, an intelligent mode, and then just an un-
mode. Un—-mode is when you just kind of reject the system. He calls it the
Zen way of approaching things. And this is something we like to talk
about a little more. | want to quickly introduce you to another Well, first of
all, I want to talk about a concept of what we've previously mentioned is,
you know, we're eventually going to be talking about artificial intelligence.

HEM—LTREE, EESNEELEE, 18, ABEEE: BREIBTRS
BERNES? B, RERIEEZEOM=TER, B, SRERASHNENR
ETEN, QOERMZANMIELL (mechanical mode), AEREREE
il (intelligent mode), BAEMETERX (un-mode) ., TR ER
TFHEELEXT RS, MRz HRELNLELRX., ITENEEEEZH—
R, BEP—S, BRRERSMERNINTBS—T, B, FIE, SEREH—
TENZAREIEOBRS, M8, BIRESHBIALERE.

75 3E B R
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SERNYBEHEANEED
WL - Ha®RMeli, ®EILER
ERER, BRAAIERER
TRZE) B—MIEL,

FRHIAX D ZFELC: HER

(REAERE) . HeeR (Tl
Z). ZEX (Un-mode, =X
HIES R ARG RINESR)

MERRER - 8B 32 W



7 3E bi R & IFHIKANIZE - ASK THE BEST MINDS

43:00 RIRRFE18HEHERIEL . VAP
And it's weird because humans really like to say that their thoughts are (TREEER#AE, MEAXRD
logical. We like to say that we do think in this manner, but a lot of times =) REEBLME—ARRE

e [
we don't. We like to use kind of just inference about just collective events. BFTBERNRR [SER.

Like one of our favorite tools of thinking is induction. Well, you know, the . . ,
____________ induction /m'dakfn/ n.

sun has risen all these previous days, sure it'll rise tomorrow. and there's AE (MBI — AR
no real formal line of logic that's saying that, well, sun rise yesterday and

it thus it will rise tomorrow. And | want you to think of whether or not

human our thoughts are actually just computations in a formal system

much like MIU or P implies Q and things like that.

REENZ, AREHERRECNBEZSTBEN, BAISIHA]
MEXFEEEN, ERZIVEHTZE. BMNELERET HSHHERM
HERT, LEANBNFERNBLETRZ —ME)39. RAE, XPEAEHXLE
REFHEEKT, MPRESELZAEFK. B, EXHLERERAMLNE
R, ANFERERFHET, MRS E. BHEEMRITE—E, A
LXNBERABELIRZEMAARRENGE, M& MU RE, SE
PES QI ZEMNKRA,

10 pogRH{ESEXMIEE

43:47 PARLTEGEBEZEMNFEIF: R
And that's going to bring me to another formal system which | have to Bp. q. EFFH=MES, U
mention just because in chapter four he's going to refer to it. And it's KRN, EZNGFEELRIFH

going to lead us to this kind of interesting line of dialogue of when a R~ IEERIAS

formal system with meaningless symbols gains meaning. and it's called
the PQ system. We're going to have three new letters, well, three new
characters. It's not going to be P Q and hyphen. And you've actually got
an infinite number of axioms here. And when you've you've got a
definition.

18, XFBHESIRB—TERNRE, TR, EAENEEMSS]
HE. E. B, XZ5|H—FRAZBMTILER: —THEEXFSH
R ARRMNREGEXHN ., B, EME pg RE. BIOIZB=TH#H
F8, IFIE, =TS, EMIZ p. q EFN. MAXERESIEL
FERAE, RBRFRE—T, B, —TEX.
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44:41

And that's that if you know XP hyphen and I'm going to kind of make sure
| have just an underlined P. Q X And this is going to be an axiom.

MR, WRIEE x p EFRH—HRERFRBEXERS—PHETIEN
Po IILEIA5 q X, E‘jEZE_T/\IEo

45:07
hyphens /'haifnz/ n.

Whenever X is just a string of hy_/p_f_w_e_(\_s_. So it's just some string of sy
hyphens. So what's this saying? It's saying that well, if you have something

like this Well, X here was two hyphens. So we know that's an axiom. All

right, it's a little different than in MIU. Seems just as meaningless. and

we're going to have different forms for manipulating and playing around

with this. and one rule is that if you have X, Y, and Z which are just

hyphen strings XP Y Q Z, then you can derive you're given for free the

statement XP Y hyphen Q Z hyphen.

R% X B—BEFHMT. AINEMBENEFTHSR, BXERMTAR?

27, NRIRBHEXFENRAE—XEN x 2R MEFH. ﬂB?JZﬂ‘]E}t%D
Li@ze £ZNE, 37, XIR MU BRT—1#, ELEARELREN., B,
BATE2BAERANMANSRIZERZEEE. 1B, HAR—£HNZE: MR
78 x. y. z, bﬂ]%l&eL?ﬁ% el xpyqz, BRARFATILAMEL
——BEELAR TF: xpy EFN qz EFF,

46:23
Seems meaningless. But what does it remind you of? we've got this
axiom. We in fact have a whole infinite list of axioms. And maybe you've
noticed that you've got two hyphens here. One hyphen here. Got three
hyphens here. Now, what does this do? Yeah, exactly. | mean, what it what
it does is it says that well, if this works, right? So, let's apply this rule here
and we'll apply this rule here. So, we can take this and get for free that
hyphen P hyphen we can add another hyphen Q Now, we had three
hyphens here but this rule says we can tack on another hyphen.

BEERLEX., BEILRBEIHA? B, BIIERXFAE, EXEHNAB
—BIMRFNRER, WIHRELERE, ZEAEMIMEFH, XEF—
TEFN. XEF=1TEFN. B, XFANETHA? X3, ER. &
NEERR, EMNFIERR: WRXTEIL, XIE? ﬁﬁﬁﬂﬂlﬁﬁmﬂjﬂﬂﬁﬁ
ARXE, BIEXFMNAERXE, TRENAIUZXT, BEFE: EFF
EFA p EFAF—FHNAIUBIN— L??ﬁ—qo ARRXER=1TE
FF, EXFAMRBATINEEZ E—EFN,

&
=
=32
b
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47:27

What does that say? this seems to say that 2 + 2 equals 4. So, | want you
to realize that the symbolism which mathematicians have been using and
what you've grown up learning is just shorthand, meaningless notation.
Yeah? Those two backwards one and twocould be two and one. Well,
yeah, no. What | meant to say here is that we seem to be inferring this
rule that hyphen string one plus hyphen string two always _éafj_a_l-s"ﬁyphen
string three. and the And so, you just one here refers to a whole string of

hyphens.

iR A? 1B, XMUFEER 2 + 2 = 4, FIMKFLMRIIEIRG, #HeE
X—HEAN. MIMNIMWNEZNAERFSER, TEE—RICH. &5
ZTEXWIES, 18? BRTREIRN—HZ, BAIUAZ-M—. 18, 2
B, PE—RXEBRNE, HMUFERNLXFE—FAN: EFH
FS-MEEFHE, DEFTEFHSH=. B, MUXEN '—) BN
e—BHEFH.

48:10

And two refers to a string of hyphens like Y here. Or better yet, | could say

X +Y =Z here. And What makes this system different than MIU? Does

anyone have any ideas? Why do you suddenly care a little more about this

system than MIU? Other than the fact that you have 20 bucks going on
the line for deriving MIU.

F—) BNEGXEN y BMFRNEFNS, REBHNREE, HAUMUSE
B x+y=2z, BA, ZRTRLGE MU BHARE? EABTREL? At
LRRARLEN MIU BEERRXTRE? BT ENES MIU B 20 REE
RX—RZ5,

75 3E B R
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188 —-p--a-—-EHF
2+2=4, MAHAHTSMEAE
th R BRI S— M S

BEXEFRENESEM,

shorthand /' fo:rthaend/ n.
B®ic, FEISA

inferring /m'f3:rmy/ v.

BT, $EEAD
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48:37

Anybody? What about this fact that I've just kind of showed you this
equivalence here? I've You now, instead of applying these kind of
typographical rules, I've showed you that well, you can also take this as 2
+ 2 = 4. And then you're going to say, "Aha! Well, now | can do all sorts of
things like Now that I've discovered the meaning of the PQ hyphen
system, | can go ahead and just create all sorts of new theorems and
starting from any of our axioms. And you might even be tempted to say,
"Well, | know it's obvious.

BAL? BHENGIRMNBREORX TN KRIE? IE, RABRZNAI

LEHERRAN, HARMNBRRT : RIAIBMEEEME 2 + 2 = 4, RS
W Ml ! MAEFRFATUFEMEFNSE T —BRAREKRINT pqg EFFR
FNEX, BRAIMMET—FAELR, EHEMEIHOEE.) fE
EFRERAMEW: TXTZRRIZEEIR,

49:22 BRAR (well-formed
| know that 2 + 2 + 2 = 6. And I've discovered this isomorphism between formula) : FEEEMWFTS
Ps and Qs and pluses and equal signs. So, I'm tempted to say that hyphen B BN THIE) P2+2+2=67

B, BZETERGEEMDN

P hyphen P hyphen Q hyphen. That's a lot of hyphens. What's wrong with
P P Q hyp P 9 — BN BB R,

this? Does anyone see a problem? Yes. Exactly. Exactly. It doesn't follow

the rule. The rules | told you in the axioms which you start from, you only well—formed formula phr:

ever have one P and one Q. This is not even what we call So, this is not AN (BATRRLLEEN
what we'll refer to as a well-formed formula. NEEE L)

BME2+2+2=6, HELZRIWT p. qiRNS. FSZENEM.]
18, FAIRFRBELEFR EFF p EF N EFF p EFRH EFR/ q
EFH EFR EFF BTN EFNM EFF. XTHEE—HEFRH. XF
ftaEm? BEABLEMTIE? FiR, &HE, ®E. EAGESIN, &S
IRRIEFNFMRNIE Z B ARE, XIZRE— p f1I—D q. XEZE
B AREFHANPMR—FTAX A2 EAIFRNEX A (well-formed

formula) ,
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50:34 MREDER) NEFNRE: B
So, you have to be really careful with what meaning means and when you —RARGTEZMER, BX
try to create an isomorphism between what you know about addition and HERGER; REIRREE
the formal systems you play. Try to come up with a alternative SRR R, FH
interpretation. We could have just interpreted these P's, Q's, and hyphens HE
as you know, we're going to call P and we're going to say that's horse and
Q and that's apple and you know, one hyphen is happy and you know, two
hyphens is happy and so on. So, suddenly we have an interpretation for
this string. It's not 2 + 2 = 4, but it's happy horse happy apple happy.

FRBAMRAFEHERE D TRX] RIREREt 4, URSIRAEEIRFT T #

RIILEFRFIAER AR 2 BZILEME . HE8E—F3IRRE.

MEEAIIEXLE p. g MEFRERN, MR8, H(li%p M2 (5.,

B, q#eE FERI, AE—TEFHE Fiu, MTEFRKE O 77

0, DALEEME, BRARAZIE, BAINXTEME T —MER, ETE 2

+2 =4, M= FO FD B FO Fl FRAO FO FFo FFla.
51:40 RER—T: THEIRZEAA
Doesn't mean anything. but it's an interpretation and there's no reason not BTHRFENAE, NEELE
to make that interpretation. Perhaps the horses this is actually more X—ie 5 TERE) A8~

sensible than addition. | mean, first of all, when we do addition, we're 18, MAEENAR

representing these numbers in a in base 10 because we have 10 fingers.
But horses don't have 10 fingers, and numbers written in base 10 don't
mean anything to horses, but perhaps happy horse apple really makes
much more sense to a horse. so we're going to kind of throw out, and |
have to be a little rushed about this.

Rt AR, B, EXE—1ER, MERKBERAAIIARER, iFx5
HKin, XEXEIMEESE, B2, B, BHINERNZRTESIHK
RAXEHR, AABMNETRFIE, EERETIRFE, B+HHISEH
KA DRIRZETEX, MiF RO ER) N—EBRET BIER
SE. 1B, FINBMIERF—XBHoEFHR—R.
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52:17
Be thinking about where does meaning come from? How do we actually
assign meaning to meaningless symbols? Cuz that's the goal here. We're
going to go from meaningless symbols in mathematics to meaning, and
then we're going to try to create nice isomorphism between the universe
and our formal systems. And this leads me, you know, perfectly into this
idea of, you know, is reality a formal system? and if you go to page 29 in
your notes, you've got this kind of long quote stretches onto 30. I'll go
ahead and start reading. It's at the bottom.

i3, B8 EXMBER? BMNAREREHLATEXNFSHFENX
89? EARERBAINER. BNBMEZFEEXNFSEREX, A&
FEERMNEBRAEEFENRNOERAARAR ZBARILZSNEN., XHMEEE
RHIEHS AR TMRE: WLAREEFAZE—THARR? B, WRIRIE
BHNEE 29 T1, SEFI—EEROSI3, —HEMEISE 30 7T, Bk
— T, FMAEXTURS,

52:58
It says, "Can all of reality be turned into a formal system? In a very broad
sense, the answer might appear to be yes. One could suggest, for
instance, that reality is itself nothing but one very complicated formal
system. Its symbols do not move around on paper, but rather in a three—
dimensional vacuum space. They are the elementary particles of which

descending chain of matter, that the expression elementary particles
makes sense.

it TEEMEERER—TARALD? £FEERZHEX L, EREM
FrRINZEBEEN, bR, BAFERREL, MXEFATIZ—TREE
FOERNARLS. ENNSAZERLED, MEE=SENEZT=EER

&, REFSHMEMRDMNESKF. (XEF—TRIANRIR: 5RO
THONBEFEERLIN, WER IERNF XTREREEXN.)

75 3E B R

B RFHLAEIER - ASK THE BEST MINDS

SINRHAAELL: MEAEZ
— M RG— RS EEARN
F. MFERKEBNFI 2X—j
ERSEARITIE (tacit
assumption) ,

Tacit /'teesit/ adj.
DBAER, KSHAM (tacit
assumption [R&1R1Z)

elementary particles phr.
BARNF
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53:27

The typographical rules are the laws of physics, which tell how We're on
page 29, if you just want to catch up. the typographical rules are the laws
of physics, which tell how, given the positions and velocities of all the
particles at a given instant, to modify them, resultir;-g"i_r{-é_ﬁ_e_w set of
positions and velocities belonging to the next instant. So, the theorems of
this formal grand formal system are the possible configurations of

particles at different times in the universe. The sole axiom is, or perhaps

was, the original configuration of all the particles at the beginning of time.

HERR AN 2R E R, EEFRAA—RAIESR 29 71, MRIRER
E#ERIE, 17, HRRANMEIEER, ©5FER, ELREE BB
BHFIUENRER, WEANEEN], MmEEIET T—BREN—4En
UETERE, MNP BEATERASNERE, MEFEPARNZIK T

AIRENAS, H—NAER—RERGZE—N B FiRRE TR
IRES,
54:01

This is so grandiose a conception, however, that it has only the most
theoretical interest. And besides, quantum mechanics and other parts of
physics can at least cast at least some doubt on even the theoretical
worth of this idea. Basically, we are asking if the universe operates
determinist— deterministically, which is an open question. You know, this
it's | think it Wéé-léﬁféaé-\_/\-/ﬁé said, "Well, look, if you were to give me the
position and momentum of every particle in the universe, | could tell you

the rest of the future."

KAMXTMMEITTFER, METFERERARNEILEX., M, EF75
FHMBZNEMEL D, EOENXMEMERZEIE ENNERT—
iR, BEA L, RNEENL: FEEARERRE—REILHNHIEE
1, XBMEMARRNCE, RANE, BEERTRENED: RE, 0
RIREFHEPS— M FHIUENNENEFE, KMEHBELZETRN
EERARE.

75 3E B R
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KEERTT: HERRAIN =13EE
#, EE=FEHENZNRTFHE
B, W—AE=REERrNF
DiaHs  (KIBXERIZ) .

velocities /vo'la:satiz/ n.

BE (MEAE, a5hm)

configurations /kon figjo'rerfnz/

n.

WA, HfmA

RIEHUEMBIAFRY ThiE AT
YR1: BAFRERFRUENE
BIRITE 28Rk, EFHFN
B E 1 TR B S b AL AR 54k
%o

grandiose /'grendious/ adj.
BAR, FEH

deterministically /di t3:rm1
‘nistikli/ adv.

REIH (IR AE—RE
R
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54:31
And this is leads to one of kind of the grand philosophical questions,
which you know, we'll be investigating as part of this class, as well. Which
is, you know, if the universe operates deterministically, if Newton's laws
govern how my arm falls and how all the atoms in my body interact, where
does free will creep into? How do | know | have control over these actions
and it's not the fact that at the Big Bang there was a denser cluster of
atoms over here and a less dense over here and things evolved according
to deterministic laws, much like the formal systems we're playing with
here.

RXEEIH T — PN ERNTZEE, BEXTREBEERY, iz

W, MRFERRREILEITHN, NRFHERZEESHNFEINTH

T BAEANAEREFNCTHEEFR, BEBASEMBILELR? HEA
AEHENREEFIX LR, MR AERBRIERMER IR FEH
ME L, POHHHE—L, RE—UMRRRECHNEELTE, ©
BEANXBEEMNREL RS,

75 3E B R

RERSBRAEEZE: HFWM
ERRE—VRFITR), THAE
#) BEERREVRFRGNLARR
7 RERERFNE AT,

creep into phr. v.

THIEEBN, TARRHN
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55:10

So, this question you can really think of on two levels. One, can the
universe be thought of as being modeled by a formal system, having
forces and solving equations for the particles here, and it collides with
another particle at this angle, they go off like this, and things like this, but
it also | think likes to ask another question, which is version two, for those
of you who are kind of matrix fans, to what extent is the universe a formal
system proper in the sense? Is it a program, you know, running in the
background of some hyperdimensional alien who's playing wow? And, you
know, he's just runnir{é_Bh_t:_ljh_iVé_ré_é_:a_é a simulation on his, you know,
supercomputer cluster that he's got in his basement. who knows? | mean,
if the universe is deterministic or he can just he's just coded up, you
know, hacking away in Python all of our rules of our universe, and he said,

all right, let's let this simulation go, and here we are in his computer
having all these kind of dramatic interactions with people, et

IR EBESL A AW INEENRE. £—, FHENEREFEH—
TEARFRERN—BEIMN, IXERTFKRELE, EMETHE
MBA—TRIFEE, REENFXEERTT, B, BRRFELZS
HR e, MEEZTRE, MTRMNESFER (RETED BIA
Hit: FEHAESARELAGME—TTBEX LNEARLR? ERAE
— M iERF, AR TEHIIEANGERE, MARNERR (BStt

) ? REtRAZBEBRNNFEIN—MEUER, BEMKRENTEE
HBIITEER L. HAER? HER, WRFEHBREILH, RE
RERIEENFEIAEMMUA Python B T HE, REH, F, IEXPME
BEERIE, TERERMNMAEMNTENE, REMADEBXEREIENE

Ej] el a vl
H

T SF~F~Fo

75 3E B R
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BRI FTHESESHEEFTE
BITHER? BERIEHS1E
2003F /T IEICIE, AL
(BEFE) FERITXMLIF.

hyperdimensional / haipordar

‘menfonl/ adj.
BN, SH

hacking away phr. v.
BAET (WMERMEME R
)
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56:19

Cetera, et cetera. and he's just kind of adjusted up what bug came up, et
cetera. it's kind of interesting to think about. So, we've now really kind of
hit home these five tools for thinking. and we're going to be revisiting all
of these ideas throughout the entire book. And | and one of the things that
Bock one of the things that Douglas Hofstadter does is he structures his
book in its own kind of recursive fashion. And you know, | only gave you a
few specific instances of where recursion shows up. And this represents
kind of my bias. For me, I'm very much an art person and a math person,
but I'm not so much of a music person. And | really encourage you guys to
bring in different elements because GEB has such like a high—dimensional

structure to it.

RiEthHEFE—E, FEXEL T4 bug, FF., BETREER
B, AT, BAVIEEREEEXAMBLETRMET ., B, MEARER
BERMNESTEEXEM S, BRIRNZE, Eff......0E, ERAE-&
HAHB—4E, MEMIEE CSXABREAN T 23S, mE
fRAE, BRET/ITBAEMORAEGF., JHEHZRRT HOTAR
9. [P, BREMEZAK. REZHA, ENERMLKBLAET. &
ENBMARIERNBNTRFTER, BN (FER. KRER, Bif) XA
PE—MIFESHNEN,

75 3E B R

bias /'baras/ n.

frF, MEE

hit home phr.
WE, EAYEIE
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12 BHiigs g5

5712

Everybody contributes their own slice to it. and one thing which | would
hate to deny for deny you guys from is the music aspect of this book.
Each one of Douglas Hofstadter's dialogues is actually structured and
based upon a piece of Bach's music. If you listen to Bach's music and you
read the dialogue, you might actually hint at some of the connection,
some of the isomorphism that Hofstadter's alluding to. but first of all, you

should know why he chose Bach, how recursion acts in music, and that's
why | have this whole speaker set up here. So, allow me to play.

B A#EEIE SR —TIE. 1B, MB&EAREILMRIIETN—
R, MERXARPNEREH., BRAET - EHANES—ERXNE, HIHEMK
RREM— B REHRMWEN, WRIR—LTEME R—IDILAERIIE,
RAJEENSRAREIEFIEMEKR . EMEMXR, EHEIAMIZE
BRAE. IR, (BES, RIMZMEMNAETER, BEEERTE
EAIIEY, RBEBREXILRTX—BEZTWRFNRE. 32, B
WHERZ—T,

57:56
So, this is Bach's Little Fugue in G minor. just as a nice anecdote, who
here has seen a beautiful mind? The movie? All right, so-:J_c;I-ﬁ-r;_l-\l-é_sh, the
mathematician who went crazy, Princeton, etc. The story goes that he
used to actually stalk around the halls of the math department smoking
cigarettes and w_h_i_s:t_l_ing this song constantly. And what were some of the
things which you noticed about this piece? For those of you with good

auditory abilities, what did you notice? There's certain patterns.

XZEMEY (GAVENERED, 1B, RIEERNNERE, EEAEET

(ERORY 2 BREREERS? 8F, BBALNE -, BLIERWTHHRER,
BT, F%5, FEREMNSEERZFRANEBERRREE, MEMR,

MEHREXEHFNOME. B4, XKTXEMF, RIVESE THLE
73?7 EERRLERRENEN, RITEREITH4A? BREREL.

75 3E B R
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GEBEERIFEHNEHRER
RERA LR (20 (B FK)
MNUEIXANNE) —EFK. &
B, BFEHAZEMERNEN,

alluding to /o'lu:dwy/ phr. v.
B, EERK

CG/NENRFRY BWV 578, 44
-t EMETIEE R, 1994
FHNREFZREE, BEM
DHAE, (EWMOR) (2001) K
HARE,

anecdote /' @nikdowt/ n.

B®E, E

stalk /sto:k/ v.

B1T, RIS

auditory /'o:doto:ri/ adj.
Uil
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58:27

Okay, elaborate a little bit on these patterns. They're | don't know. I'm not
a music person either. I've never played it so | don't know. Maybe it's like
after a certain number it goes and repeats and Exactly. So, you heard it
come in at a different tone, at a different volume. and you noticed it was
the same theme. It's the same theme that he played stretched, inverted,

backwards, on higher levels, on lower levels. So, GEB is actually very much
structured like a fugue. Hofstadter lays out for us and what | did in this

first lecture is | laid out the entire I'm laying out the entire book for you all
in one go. So, that way you understand it when | play it stretched out,
inverted, backwards, and at different volumes.

9%, IBHEMBRAHHXLEER. 1] BANE, HtEARRIE RN

Ao BMFERET, FUEAE. BIFMEd TETMHZEES.....B
g, 2. FIMRIFEIEMAENER. FRNSEHK, 1B, mBERF
BEHARRE—TEM, MEMEINE—TEM, WAk, FIE. &7,

EESNFE. EMMNEE LI, ATA (GEB)Y EXE4M EIFEGH—
BlE, RERAHBNERTX—R, MEEE—HEMN, MEEER
PREHHRLE AR, XtFE—K, SEIEEhK. &, ¥17. BFE
NESERN, RIIMEEERT .

59:08

So, this is nice. You have a musical illustration, you have artistic
illustrations of the ideas we're talking about. But we need to actually kind
of settle into the book itself. So, Karen Kelleher and | or anyone else
who's really excited about reading. Anybody really excited about
volunteering for reading a dialogue? Anybody have the book with them
right now? Oh, good job. would you like to read? You don't have to.

FRBOXIESFEY . RM1E T — 1B R LMBRE, B8 T HIIMT IS LN
BZARBIE, BE WHEE%}T‘F/UE& ANRZABAREG, AL, Karen
Kellener f13, HEEMEAENRBIEIEINA. BIEEIEESES
FIE—EIIED? MERRFOUTFERIE? B, BT, B, REEIXG?
{RABIEEART]

75 3E B R

Mg : R—EBRERREERARE
W BE (IK). B8, $B1TF
TREHEN, HERB: &
MEEPH TEBETE.

fugue /fju:g/ n.
THA&H (E—EAEZFEEPIE
FEBRNEIRER)

inverted /mn'v3:rtid/ adj.

BIEN, AN (BRPiEkE
L TEnEE)
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59:46

You want to? Okay. So, we're going to spend the last kind of 15 minutes
going through a dialogue. | actually have another copy. And So, | need two
characters. One to be Achilles and one to be Tortoise. These are two
characters we're going to meet in this dialogue. They're going to play a
prominent role throughout the entire book. So, let's Does anyone else
want to be Well, see | like the Tortoise, so I'd like to be the Tortoise, but
someone else can be the Tortoise if they want to be.

RA8IL? 4789, BREAIMAREAM 15 D#RET—B—ERM1E, HRESLE
=, B... 708, B. BFE&RTEE, —NEREERSR, —E
5f, FRRMNEZRMEERBINRITEE. WEBLABELRST
BREENAE®, Ba, THERE.... MEF, HERSE, MANUKEE
B, BEREEA.... HEAMREISHRBAL,

60:20

Okay. So, we only have one soul that's brave enough to do it. All right. All
righty. So, page 79. See, yeah, sorry.

7R, IMARBE—(UBBHRZRER, FIE, BIFE, HBa, 5B 79
., &, 1B, #\K.

60:40

So, I'm going to give you some quick background on this dialogue. so,
Hofstadter, like me, believes that it's important to introduce the idea of a
of a topic conceptually first before you start really diving into it. So, he
prefaces every chapter with a with a dialogue. And the dialogue is kind of
:'a"c_zs;\_c-:ép-)tual introduction to the ideas we're talking about. To go ahead
and give you an idea of what this dialogue's based on, it's going to be the
conflict of two mathematicians, Kurt Gédel and David Hilbert.

BEAAREREN B —TXEMNENESR., B, &EHIX (Hofstadter) #
B—#, INEEERN—TEEZH], TMRESLESIAXTEEARE
E, FiMhES—ERIEEBN T —EBXE, XENIEEEHIEITHEHFB
LR —15F, FILARTR—TXENIENEM, ERNEMUR
FRZERME, 1B, ERE SER (Kurt Godel) MR- &H/RBL
(David Hilbert) ,

75 3E B R

MERHRSERFEEZIENER
15185 XSE-R*P/R1895F E1E
XA TABSIBENE, R

BERAAMRZFE2PNER.
FIBEWS (1920FR) : 22
BEFR AL, FIERE—%E

7—5% & J\1931f|51L—I:EHJHSE7fT
2iX1%

EF?E

prefaces /'prefosiz/ v.

A AR, ... ZEns|F
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61:14 —HE=RAFHEILFE; =&
David Hilbert believed that mathematics could be put into a formal system M=FARGAEL, SRR

very rigorously, and it could also be proved to be consistent and complete. EERE: BERANEARR
______________ S OT4E =)

Those are two words which I'm going to have to define kind of at the end RATRERERIS.

of this dlal'ogue. Bu't let's go ahead and start it off anc? trY to work quickly consistent /ken'sistont! 2l

through this. I'm going to ask that when you have the italics, you go ahead i (BEAE: B TE

and read it if it's part of your section. So people have an idea what's i)

going on in the in the book.

e, A1 -FZREFEERFTURIERE AN —TEARE, MARL
A AMRIERR — R e &M, XM MARGEERBIIEERNAARTE
X—=T, AEEANEFREE, RERKEI—E, B, HREBARIE, B
AFUAFAORTR, AMRIPZIRATTNED, RIFRLR, ZHERKHMAEN
EBREIRERENA.

61:50 acrostic (fikXF): BE1T
Al right, excellent. So we don't have really any time left. but | want to say SOEFEHLRESES. GEB
one thing, it's a challenge. pay attention to Tortoise's quote on page 81 BOTIER R IR S AHER XL
when she talks about acrostics. If you can find the two acrostics in this Fili%, 5 [RXRERY) T

____________ BFEN ,
dialogue,
acrostics /o'kro:stiks/ n.
;&, qFﬁy}c FﬁL‘/\ﬁﬂ‘]EQ?Q“U%’)\NI‘EﬂTo DEI.\, 1@?2?31%_{4:%, EEIE HaliE (S LieRE=an
s, B, JFEERES 81 mAARaE, MEtRE#L1F X

(acrostics) H9ih75, UNRIREBETEIXERXSIE B L BBl kT,
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&iC F=xud Bt BY HI
abides by — phr. BSF, 18F (F) 23:29
V.
acrostics /a'kra:stiks/ n. KR (BT BHEREE BN EIEN) 61:50
alluding to /o' Tu:dm/ phr. REfE, [EIZRK 57:12
V.
anecdote /' @nikdowt/ n. HME, &E 57:56
antinomies /een'tmomiz/ n. 138k, HEIEWZEIFIL 18:20
auditory /"a:doto:ri/ adj. M5 rY 57:56
axiom /" &ksiom/ n. NI, HIERYEE S 30:10
bias /'baros/ n. W37, fmmEE 56:19
coined /komd/ V. Bl& ($738); coin a term E—PARIE 13:06
condense /kon'dens/ V. E48, f&E (RE) 6:21
configurations /kon figja'rerfnz/ n. HWEL HEfR A 53:27
congruent /"ka:mgruent/ adj. LE (JUEIARIE) 36:00
consistent /kon'sistont/ ad;. —HH (BEANIE: EALFEN) 61:14
courtesy of — phr. ER.CRM, KA. (RFREEH) 17:31
cranking through — phr. AR EMST (ZREOIIE) 38:05
V.
creep into — phr. THEBN, TEARBIFEN 54:31
V.
derivation / dera'verfn/ n. WS, HESIE (FXCIiER) 35:38
derive /d1'rarv/ V. HWEY, 54 30:10
deterministically /dr t3:rmi nustikli/ adv. REICH (BHVEEEE—RERLE) 54:01
diagonalization /dar @genala'zelfn/  n. SA%E (BRI THNAE) 27:00
digression /dar'grefn/ n. =, MRS 13:06
elementary particles — phr. YN Vi 52:58
entity /"entati/ n. SEAR, JRMTFEYD 1:44
falsidical /fo:1'sidikl/ adj. BN (FitR. HIBEREEERNIFIE) 18:20
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feat
fractals
fugue
gasket
grandiose

hacking away

hit home
homomorphism
hounds
hyperdimensional
hyphens
incompleteness
induction
inferring
intimately
inverse

inverted
isomorphism

law of the excluded middle
logarithm
mind-bending
mosaic

negation

obscure

opiate

oppressing
overthrow

pamphlets

it/

/" fraektlz/
/fju:g/

/' geeskit/

/'graendiowvs/

/ hosma'mo:rfizem/
/hasndz/

/ harpardar ' menfonl/
/"harfnz/

/, mkom 'pli:tnos/
/m'dakfn/

/m'f3:r1m/
/'mtimotli/

/. m'v3rs/
/m'v3:rtid/

/ a1sa ' mo:rfizom/

/'1o:garrdam/
/'maind bendiy/
/mou ' zenk/
/nr'geyfn/
/ab'skjuwr/

/" owpiat/

/9" presiy/
/ owvar Orow/

/' peemflots/

adj.

phr.

phr.

adv.

adj.

phr.

adj.

) B 4F A9 3k A% $2 8]

HEE, SRMERIRLHA

o (HEE D BB EMUER)

lAgH (B—ERESFEHRPRGEZNERER)

#E (Sierpinski gasket Bi/REHTERE /=)

AR, FEH

1#BAET (WaETMESRE)

WE, EAYIZIR=

B (RFERETAVEHIRET)

A4, FERZHEM
BN, BUE

EFR

TrgEl (FRRTTEUERE)

A% (BB LS —ARER)

JEERT, D

ZM (intimately linked E 25 E%)

W, JEREY

RIERN, IR (BRPiEhkiE L TE%)
B (ZEHEHRET ISR K RAYBRET)

Hihi2 (epRRdFEEMR, FH=FHrAI6E)

e

A, S AR
CESE L GES
TE (BEARE)

ik, (ERH (LbabtEzRia)

AR EAMAKZY (the opiate of the masses AR

RIS F)

E&

HE (B
IEF, BUERE
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paradoxical
perceive
perceptive
pertinent
prefaces
primitives
recursion

reduces to

renegade

reverse culture shock
rigorously

rules of inference
scrambling
self-reference
shorthand
shunting

stalk

successor
syllabus

Tacit

tack

takes his sweet, sweet time

tall order
typographical
variant
velocities
veridical

well-formed formula

/ peera’da:ksikl/
/par’si:v/
/par’septiv/
/'p3:rtnont/
/'prefosiz/
/'primatrvz/

/r1'k3:r3on/

/'renigerd/

/'rigarasli/

/'skrembli/

/ self reforons/
/' fo:rtheend/

/' fantiy/
/sto:k/
/sak'sesar/
/'s1labas/
/"taestt/

/teek/

/ taipa’ greefikl/
/"veriont/
/va'la:satiz/

/va'ridikl/

adj.

adj.

adj.

phr.

adj.

phr.
adv.

phr.

adj.

phr.

phr.

adj.

adj.

phr.
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BI8FER, 18T

BIERAY, WIE5RAY

BEMEXRR, YIRIAY

7. MEF, TE...ZBEIEIF
BEARTR, Ria8x (EH/TERE)
B3 (MESEXBSMNERE)

RER, @R

RIERY, BERE

REXtpE (EEAREEROAERN)

FEgtth, Rt

HEIERN

FITHIELbICH, FiE

B, B#ED

®iC, WEICA

%, WED (symbol shunting EHMHHIRFTS)
B1T, WRIES

R4, RHH (RIEEARARIE)

BERN, RIERN

DBAER, KRS (tacit assumption [REFRIR)
Bipn (tack on FEFRENN L)

IBRENE, FETEMH (SBHATIEN)
SREMNES, IENER

HER ERY; BEAMERIPRAFSHZR. TEEXMN
TR, T

®E (MEAE, S750ME)

BEXHy, 5SELMEFEY (veridical paradox B4 FiE)

ABRARN (FEEARFEENNNTSSH)

MIRRER -

19:43

39:34

15:08

5:42

60:40

2:23

10:55

33:33

37:35

0:00

4:49

36:00

37:35

4:17

47:27

4:17

57:56

34:48

39:34

52:58

28:37

2700

5:42

27:47

26:16

53:27

17:31

49:22

E 49T
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whirl /wairl/ V. hiek%, ¥oh 10:55

MEARER - 8B 50 |

&
w
=32
b



